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Modification of Species-Based Differential Evolution 

for Finding All Solutions of Systems of Nonlinear 

Equations 
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C@$ 2E.$ #"@@"?6:2$ 5)C/:.=&$ "($ ?C=562!2"C(!:$ &?".(?.&>$4!(3$ !22.=52&$ 6&"(7$#.2.)="("&2"?$

!(#$=.2!-E.6)"&2"?$=.2EC#&$E!H.$/..($#C(.$1"2E$2E.")$!#H!(2!7.&$!(#$#"&!#H!(2!7.&+$/62$

=!(3$C@$ 2E.=$E!H.$ @!":$ 2C$?C(H.)7.$ 2C$!::$5C&&"/:.$ )CC2&>,"@@.).(2"!:$JHC:62"C($ K,JL+$!$
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1   Introduction 
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%($2E"&$#"&?6&&"C($1.$62":"O.$,"@@.).(2"!:$JHC:62"C($K,JL+$2E.$=.2EC#$ "&$ 2C$)6($!$)!(#C=$

&.!)?E$2.?E("I6.&$6&"(7$H.?2C)$!&$!($!:2.)(!2"H.$&C:62"C($"($2E.$&.!)?E$@C)$2E.$)CC2$&C:62"C(>$,J$

"&$C(.$C@$2E.$.HC:62"C(!)3$!:7C)"2E=$E!&$!$5.)@C)=!(?.$!&$7CC#$!&$2E!2$C@$C2E.)$.HC:62"C(!)3$

!:7C)"2E=&$&6?E$!&$7.(.2"?$!:7C)"2E=$KX9L$V0+8+;W>$,J$1!&$@")&2$"(2)C#6?.#$/3$Y.($Z)"?.[&$!(#$

\!"(.)$ &2C)($ "($ *]];$ V;W+$ .N?.&&$ ,J$ "&$ 2E.$ .HC:62"C($ .N5.)".(?.#$ /3$ .!?E$ "(#"H"#6!:$ "($ !$

5C56:!2"C($ 1E.).$ #"@@.).(2"!2"C($ !(#$ ?)C&&CH.)&$ C??6)$ &.I6.(2"!::3$ "($ .!?E$ "(#"H"#6!:$

)!(#C=:3$ &.:.?2.#$ @)C=$ 2E.$ 5C56:!2"C($ !2$ !(3$ 2"=.>$ ^)C&&CH.)$ 5!)!=.2.)&$ =C#"@".#$ 2C$

#.2.)="(.$ 2E.$ .@@.?2$ C($ 2E.$ ?C=562"(7$ 5)C?.&&>$ \.&6:2&$ C@$ 2E.$ 2.&2"(7$ &EC1.#$ ?)C&&CH.)$

5!)!=.2.)&$1E"?E$!).$/C2E$6&.#$"($2E.$#"@@.).(2"!:$.HC:62"C($@C)$C52"="O!2"C($5)C/:.=&$V8W>$%($

C(.$5C56:!2"C($H.?2C)$H!:6.&$2C$1E"?E$.H.)3$"(#"H"#6!:$"&$#"&2)"/62.#$)!(#C=:3$1"::$26)($"(2C$!$

H.?2C)$ H!:6.$ 2C1!)#&$ 2E.$ /.&2$ H!:6.$ 2E!2$ 6:2"=!2.:3$ /.?C=.&$ 2E.$ =!N"=6=$ !(#$ ="("=6=$

&C:62"C($2C$2E.$@6(?2"C(>$9:2EC67E$"2$=!3$&..=$&"=5:.$,J$2C$:C?!:"O.$2E.$7:C/!:$C52"=6=$H.)3$

@!&2$!(#$!??6)!2.$V0+BW> 

2   Researach method 

2.1   Differential Evolution 
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Fig 1. -:C1?E!)2$@C)$#"@@.).(2"!:$.HC:62"C( 
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5!)!=.2.)&$ "2$1"::$ /.$!$(.1$H.?2C)$1"::$ !55.!)$ @)C=$ 2E.$ ).&6:2&$C@$ 2E.$=62!2"C(+$C2E.)1"&.$ "2$
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C@$2E.$&.:.?2"C($@6(?2"C( 

 

2.2   Species-based differential evolution 

 

 5.?".&-/!&.#$ "&$ C(.$ C@$ 2E.$ =.2EC#&$ ("?E"(7$ 6&.#$ "($ =6:2"=C#!:$ C52"="O!2"C(>$ ME"&$

=.2EC#$ C@$ @C)="(7$ !$ :C2$ C@$ 5C56:!2"C($ "($ 2E.$ !).!$ @6(?2"C($ /3$ =!"(2!"("(7$ 2E.$ #"&2!(?.$

K.6?:"#.!($#"&2!(?.L$"($2E.$5:!?.=.(2$C@$"2&$?.(2.)$5C"(2$V0+;+`+cW>$J!?E$5C56:!2"C($E!&$!$)!#"6&$

K)L$ /.21..($ 2E.$ H.?2C)&$ !(#$ 2E.$ 5C56:!2"C($ ?.(2.)$ 5C"(2>$ME.$ ?.(2)!:$ 5C"(2$ "&$ !:&C$ ?!::.#$ 2E.$

&..#$&5.?".&>$S.).$"&$2E.$!:7C)"2E=$C@$@C)=!2"C($C@$&5.?".&$"($!$5C56:!2"C(d 

*>  5).!#$!$)!(#C=$H.?2C)$"($2E.$@6(?2"C($!).!> 

0>  C)2"(7$.!?E$@6(?2"C($H!:6.$C@$!::$.N"&2"(7$H.?2C)+$2E.$H!:6.$C@$2E.$H.?2C)$@6(?2"C($!2$"2&$

/.&2$"2$"&$2E.$@C?!:$5C"(2$C@$2E.$@")&2$5C56:!2"C(> 

8> %@$)$ "&$ 2E.$)!#"6&$C@$.!?E$5C56:!2"C(+$.!?E$ :C?!2.#$1"2E"($!$)!#"6&$H.?2C)$)$1"::$/.$2E.$

@")&2$5C56:!2"C($C@$2E.$5C56:!2"C(> 

;> ME.$ ).&2$ C@$ 2E.$ H.?2C)$ 2E!2$ "&$ 2E.($ "($ &C)2"(7$ :"'.$ K&2.5$ 0L>$S!H"(7$ C/2!"(.#$ 2E.$ /.&2 

H!:6.$5.)@C)=.#$K&2.5$8L>$%2$1"::$7.2$2E.$&.?C(#$5C56:!2"C(>$9(#$&C$C(> 

`> ME.$5)C?.&&$1"::$ &2C5$ "@$ 2E.).$ "&$ (C$=C).$H.?2C)&$ 2C$/.$ "($ &C)2"(7+$C)$!::$ H.?2C)&$E!H.$

.(2.).#$"(2C$C(.$C@$2E.$5C56:!2"C(&> 

c> ^!:?6:!2.$2E.$(6=/.)$C@$H.?2C)&$"($2E.$5C56:!2"C(+$"@$!::$"#.!:$="("=!:$!=C6(2$@C)$5C&.&$

,J$ K"#.!:$ ="("=!:$ !=C6(2$ !#R6&2.#$ @C)$ C52"="O!2"C($ @6(?2"C(&L+$ "@$ (C2$ "#.!:$ H.?2C)$

7.(.)!2"C($"&$?!))".#$C62$)!(#C=:3$"($!$)!#"6&$5C56:&"> 

D> 9::$2E.$5C56:!2"C($1"::$=!'.$2E.$5)C?.&&$C@$,J+$6(2":$.H.)3$5C56:!2"C($?C(H.)7.&> 

B>  2C5$"@$"2$"&$@C6(#$2E!2$2E.$?)"2.)"!$?E"::> 

 

-"70>$%::6&2)62"C($@C)$ 5.?".&-P!&.# 

%($2E"&$"::6&2)!2"C($.N5:!"(.#$2E!2$&*+$&0$!(#$&8$"&$!$H.?2C)$2E!2$"&$2E.$?.(2.)$C@$5C56:!2"C(>$

P."(7$5$!).$H.?2C)&$ "($ 2E.$5C56:!2"C(>$ME.$ (6=/.)$C@$ H.)2"?.&$ "($ 2E. 5C56:!2"C($?!($/.$&6).$

2E.).$1"::$/.$2E.$&!=.$!&$2E.$&5).!#$)!(#C=:3$!(#$2E.$5)CN"="23$C@$.!?E$H.?2C)$2C$2E.$?.(2.)$

5C"(2>$ME.($"2$?C6:#$/.$C(.$C@$2E.$H.?2C)&$1"::$7.2$:.&&$2E!($"#.!:$H.?2C)$2C$=!'.$2E.$5)C?.&&$C@$

#"@@.).(2"!:$.HC:62"C(V8W 

 

2.3   Modification species - based differential evolution 

 

,.H.:C5=.(2"&$#C(."($!&5.?".&-/!&.#$ &C$ 2E!2.!?E5C56:!2"C(E!&$!&2.5@C)=!2"C(5)C?.&&.&$

=C)..@@"?".(2+$1E":."2&$56)5C&.$"&d 

276



 

 

 

 

*> MC$!HC"#&C)2"(7).5.!2.#:3$2C&..'&..#&5.?".&"($C52"="O!2"C(> 

0> %($C)#.)(6=/.)$C@2E.$H.?2C)"($2E.$5C56:!2"C($E!&2E.$&!=."#.!:!=C6(2@C)2E.#"@@.).(2"!:$

.HC:62"C(> 

8> %($C)#.)$2C=C).$.H.(:3&5).!#$C@&..#&5.?".&2C).!?E!::$&C:62"C($C@$:"(.!)$@6(?2"C(> 

-6(#!=.(2!:$?E!(7.&"($2E.$!:7C)"2E=$"&"($2E.$@C)=!2"C($C@&..#&5.?".&>$-6)2E.)=C).+%$?!::$

2E.&..#&5.?".&@.!26).#H.?2C)1E"?E"&2E.$H.?2C)2E!21"::/.$2E.$?.(2.)$C@?E!(7.+$&2.5&$!).$d 

*> J&2!/:"&E$!@.!26).#H.?2C)&@")&2>$-C)=!2"C(@.!26).#H.?2C)"&2C$/.$)!"&.#@C)$2E.$@")&2$2"=.+$

"($ ?C(2)!&2$1"2E2E.$ @")&2$ !:7C)"2E=2E!21!&$ @C)=.#@)C=2E.$ /.&2$ ).&6:2&C)2"(7H.?2C)&2E!2$

E!H.$/..(7.(.)!2.#!2$)!(#C=>$e.?2C)&..#.#@")&2!2$2E.$?.(2.)$C@!($"(2.)H!:@6(?2"C(+ 
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Fig 3.  K!L$ 5.?".&$P!&.#$ ?E.=.+$K/L$4C#"@"?!2"C($ 5.?".&-P!&.#$ ?E.=. 

0> J&2!/:"&E$ !$ @.!26).#$ H.?2C)&$ C@$ 2E.$ 0(#+$ 8)#$ !(#$ &C$ C(>$ %($ 2E"&$ !:7C)"2E=$1.$ &.2$ 2E.$

="("=6=$#"&2!(?.$/.21..($H.?2C)&$@.!26).#$"($!??C)#!(?.$1"2E$2E.$"(2.).&2&$!(#$&E!5.$

C@$ 2E.$C52"="O!2"C($ @6(?2"C(>$e.?2C)$ &..#.#$/.?C=.$!$ ).@.).(?.$ @C)$ &65.)"C)$ H.?2C)-0$

)!(#C=:3$7.(.)!2.#+$H.?2C)$&..#.#$*$!(#$0$/.?C=.$!$).@.).(?.$@C)$H.?2C)-8$&..#>$ME"&$

5)C?.&&$ ?C(2"(6.&$ 6(2":$ ME"&$ 5)C?.&&$ ?C(2"(6.&$ 6(2":$ ?.)2!"($ ?)"2.)"!>$ %@$ 2E.$ ="("=6=$
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#"&2!(?.$"&$(C2$=.2+$2E.($2E.$H.?2C)$)!(#C=:3$7.(.)!2.#$H.?2C)&$(C2$/.$@.!26).#>$%@$1. 

7.(.)!2.$*AA$)!(#C=$H.?2C)&$?C6:#$/.$!$@.!26).#$H.?2C)&$1E"?E$C??6)).#$:.&&$2E!($*AA> 
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"&)!(#C=:3$ 7.(.)!2.# H.?2C)&+ 

i=1,2,…,NPseed K2E.$!=C6(2$C@$&..#$H.?2C)&L+j=1,2,…,D K#"=.(&"C(!:H.?2C)L+ dist"&2E.$#"&2!(?.$
/.21..( 21C H.?2C)& @.!26).#+ 

3   Result and Discussion  

^C(&i#.)!&3&2e=Cf(C(linea).I6a2"C(sCf2EefC)= 
f*Kx*,x0, . . . , xnL aA, 

f0Kx*,x0, . . . , xnL aA+ 

fnKx*,x0, . . . , xnL aA,K]L  

1E.).$ Kx*,x0, . . .,xnL DaVa*,b*W Va0,b0W Van,bnW\
n an# fidD \$ $ $ ia*,0, . . .,n 

/."(7$ ?C(2"(6C6s @6(?2"C(s 1"2E a2lea s2C(e Cf 2E.=is (C(linea)> MEe !/CH. s3&2e= can /e 

1)"22enin vec2C) fC) fKxL aA1E.).$ f a$ Kf*,f0, . . .,fn
L

T 
!(#$ N$ a$ Kx*,x0, . . .,xnL

T
>$ 9H.?2C)$

NfaKx**+x*0,…,x*nL
T

D  "&$?!::.#$!$&C:62"C($C)$)CC2$C@$2E.$&3&2.=$"@$fKxfLaA> 

ME.)e la2"C(&Ei5 /.21..n 2Ee C52"=iza2"Cn 5)C/le= Cf a @6(?2"C( @)C= \n  2C \ an# 2Ee 

5)C/le= Cf &Clving s3&2e=$Cf (C(line) .I6!2"C(s is as @CllC1&> 

S3s2e=fKxLaAE!sasCl62"Cnx=Kx
*
,x
0
, . . . , x

n
LT>$ %f 2Ee C/Rec2ive f6(?2"Cn F Cf 2Ee 

C52"="za2"Cn 5)C/le=+1E"?E is #.@ine# /3 
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    K*AL 

Has2Ee=!Ni=6=val6eCf*>MEis 1C6l# s677.&2 2Ee 5C&&i/le 6& age Cf glC/!l C52"=iza2"Cn 

=e2EC#s @C) #iscCHe)ing 2Ee sCl62"Cn Cf (C(linea) s3&2e= Jq>K*L> %@ 2E.). eN"&2$xf$ &6?E$ 2E!2$

FKxLfLa*$ 2E.($xf$ "&$ !$ 7:C/!:$ C52"=6=$C@$=.2EC#&$ @C)$ #"&?CH.)"(7$ 2E.$ &C:62"C($ C@$ (C(:"(.a)$

&3&2.=>$%@$ 2E.).$.N"&2$xf$&6?E$2E!2$FKNfLa*+$ 2E.($Nf$ "&$ 2E.$)CC2$C@$ 2E.$&3&2.=$.I6!2"C(&>$ME.$

#.2.)="(!2"C($C@$ @C)=6:!$FKNL$ "&$=C2"H!2.#$/3$ 2E.$ @C)=6:!$ @C)$ @"2(.&&$3!4# $
5

50678!9!:##
 @C)$

&C:H"(7$2)!(&?.(#.(2!:$.I6!2"C(&$;!4# $ < 6&"(7$2E.$7.(.2"? !:7C)"2E=> 

4!(3$ C52"="O!2"C($ 5)C/:.=&$ !).$ C@$ E"7E:3$ (C(:"(".a)$ "(HC:H"(7$ =!(3$ H!)"!/:.&$ 6(#.)$

&C=.$?C(&2)!"(2&>$ 6?E$(C(:"(.!)"23$C@2.($).&6:2$ "($2E.$=6:2"=C#!:$C/R.?2"H.$@6(?2"C(>$S.(?.>$

gC?!:$ &.!)?E$ !:7C)"2E=$ &6?E$ !&$ E"::$ ?:"=/"(7$ C)$ &2..5.&2$ #.&?.(2$ =.2EC#&$ !).$ (C2$ &6"2!/:.>$
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Q(:3$7:C/!:$ &.!)?E$ !:7C)"2E=&$ !).$ &6"2!/:.$ @C)$C/2!"("(7$ C52"=!:$ &C:62"C(&>$\.?.(2:3$ &.H.)!:$

=.2!E.6)"&2"?$=.2EC#&$E!H.$/..( #.H.:C5.#$2C$5.)@C)=$7:C/!:$&.!)?E> 

 

2.1   Numerical experiments 

 

,"@@.).(2"!:$ JHC:62"C($ K,JL$ "&$ !$ =.2EC#$ #.H.:C5.#$ /3$ Y.((.2E)"?.$ !(#$ 56/:"&E.#$ "($

Q?2C/.)$ *]];$ "($ 2E.$ =!7!O"(.$ ,)>,C//[&$ _C6)(!:$ KZ)"?..2!:>+$ 0AA`L>$ ME"&$ =.2EC#$ "&$ !$

=!2E.=!2"?!:$@6(?2"C($C@$=6:2"$#"=.(&"C(!:$C52"="O!2"C($=.2EC#$!(#$"(?:6#.#$"($2E.$7)C65$C@$

.HC:62"C(!)3 

  

2.1   Differential evolution 

 

,"@@.).(2"!:$ JHC:62"C($ K,JL$ "&$ !$ =.2EC#$ #.H.:C5.#$ /3$ Y.((.2E)"?.$ !(#$ 56/:"&E.#$ "($

Q?2C/.)$ *]];$ "($ 2E.$ =!7!O"(.$ ,)>,C//[&$ _C6)(!:$ KZ)"?..2!:>+$ 0AA`L>$ ME"&$ =.2EC#$ "&$ !$

=!2E.=!2"?!:$@6(?2"C($C@$=6:2"$#"=.(&"C(!:$C52"="O!2"C($=.2EC#$!(#$"(?:6#.#$"($2E.$7)C65$C@$

.HC:62"C(!)3%($C)#.)$2C$!&&.&&$2E.$.@@"?!?3$C@$2E.$5)C5C&.#$2.?E("I6.+$!$&.2$C@$5)C/:.=&$@)C=$

H!)"C6&$/.(?E=!)'$5)C/:.=&$E!H.$/..($.N!="(.#>$%($2E"&$&26#3+$!::$2E.$(6=.)"?!:$.N5.)"=.(2&$

1.).$5.)@C)=.#$C($!$FC2./CC'$.I6"55.#$1"2E$5)C?.&&C)$%(2.:$^C).M4"`$1"2E$;$XP$)!=$!(#$

*>c$XSO$^ZG$)6(("(7$G$/6(26$g"(6N$*0>A;>$ME.$?C#. 

M.&2-6(?2"C(&*> 

L8&"(KL.N5KLK 0 xxxf  !" K**L 

hE.).A#N#0+8+$ 2E.$ )!#"6&$ C@$ 2E.&5.?".&)aA>0`+$ "($ @"H.!22.=52&+2E.$ !=C6(2$ C@2E.$

#"&2)"/62"C($C@`AAH.?2C)&+).&6:2d 

Table1> 2E.$).!:$)CC2&$@)C=$2E.$&3&2.=$C@$(C(:"(.!)$.I6!2"C(& 

No x f(x) 
* A A 

0 A>888`A0 `>c;J-AB 

8 *>ccD`* ]>`cJ-A] 

; 0>AA*A* *>BDJ-AB 
` *>AAA`* B>0`J-AB 

c A>ccDAA` ]>AAJ-AB 

D *>88;A* ;>D;J-AB 

 

Fig4.2E.$).!:$)CC2&$@)C=$2E.$&3&2.=$C@$(C(:"(.!)$.I6!2"C(& * 

M.&2$-6(?2"C($0+$$2E.$&3&2.=$C@$.I6!2"C(&$!(#$C6)?EC&.($#C=!"($!).$!&$@C::C1&d 
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  !" # "$% & '()*(+ , -./0!" 1 "$ & 2 

3$!" # "$% & " 
$"$

 , 45-!" 1 "$% & 2 
 

 !"#$6 & 7!" # "$%8,92 : " : 92# ,92 : "$ : 92;"#%$ &'(!)*$ +,$ "#%*-%.!%*&/01234$ in 

,!5%'""%6-"*4"#%$'6+)7"$+,"#%$(!*"&!8)"!+7$+,3005%."+&*4&%*)9": 

 

Table2. "#%$&%'9$&++"*$,&+6$"#%$*;*"%6$+,$7+79!7%'&$%<)'"!+7* 

x1 x2 =>x? 

01@ABB0C 01@DAEB E1DCF-0@ 

-@1CD0CD -01C@CC@2 B1@3F-03 

-01E22D@ C10EGG@ C10AF-03 

-@1D3GAD 01C32EDB C1BDF-0A 

01C3GAA @10BDBD 010CDAC0E 

-01C3A@GG @1D@@GC 010C33EA 

 

 

Fig 5."#%$&%'9$&++"* ,&+6$"#%$*;*"%6$+,$7+79!7%'&$%<)'"!+7*2 

4   Conclusions 

=&+6$"#!*$&%*%'&.#4$"#%$,+99+H!7I$.+7.9)*!+7*$.'7$8%$(&'H7: 

C1 J#%$(!,,%&%7"!'9$%5+9)"!+7$6%"#+($)"!9!K%*$5%."+&*$!7$'$-+-)9'"!+7$"+$,!7($"#%$&++"$5'9)%$

+,$'$,)7."!+7$8;$'9H';*$#'5!7I$'$.+75%&I%7"$5'9)%4$*+$"#'"$!"$.'7$8%$)*%($"+$*+95%$&++"$

-&+89%6*$!7$7+7-9!7%'&$,)7."!+7*1$ 

21 L,"%&$8%!7I$"%*"%($+7$*%5%&'9$8%7.#6'&M$,)7."!+7*4$"#!*$6%"#+($6'7'I%($"+$I%"$&%*)9"*$

H!"#$<)!"%$#!I#$'..)&'.;1$ 

B1 N+(!,!.'"!+7$+,$O-%.!%*-8'*%($(!,,%&%7"!'9$%5+9)"!+7$6'7'I%*$"+$9+.'9!K%$'99$&++"$5'9)%*$

!7$"#%$,)7."!+7$+,$&)77!7I$'$-&+I&'61$ 

D1 O-%.!%*-8'*%($6+(!,!.'"!+7$!7$"#!*$*")(;$6'M%*$.+6-)"!7I$6+&%$%,,!.!%7"1$ 
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