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Abstract A digraph is primitive provided there is a positive integer k such that for each
pair of vertices u and v there exist walks of length k from u to v and from vto u . The
scrambling index of a primitive digraph D is the smallest positive integer k such that for
each pair of vertices u and v in D there is a vertex w such that there exist walks of length
k from u to w and from v to w . A two-colored digraph is a digraph each of whose arc is
colored by red or blue.

In this paper we generalize the notion of scrambling index of a primitive digraph to that
of two-colored digraph. We de?ne the scrambling index of a two-colored digraph D (2)
to be the smallest positive integer h + | over all pairs of nonnegative integers (h,yl) such
that for each pair of distinct vertices u and v there is a vertex w with the property that
there are walks form u to w and from v to w consisting of h red arcs and | blue arcs. For
two-colored Wielandt digraph on n = 4 vertices we show the scrambling index lies on
the interval [n 2 - 3n +y3 ,yn 2 - 2n +y2] .

Keywords Two-colored digraph, Primitive digraph, Scrambling Index, Wielandt digraph 1
Introduction By a nonnegative integer vector x = 0 we meant a vector each of whose
entry is a nonnegative integer. Therefore, the notion z = x means that z - x = 0. Let D be
a digraph. A walk of length k from u to v is a sequence of arcs of the formu =v0?v 1
yW1?2v2 yyyyyvk-1?vk=v.



We use the notation u k ? v walk to represent a walk of length k fromutov.Au?v
path is a walk with distinct vertices except possibly u = v. A cycleisau ? v path with u =
v . A digraph D is strongly con- nected if for each pair of vertices u and v thereisau ? v
walk and a v ? u walk. A strongly connected digraph D is primitive provided there is a
positive integer k such that for each pair of vertices u and v there exist a u k ? v walk and
a v k ? uwalk. The smallest of such positive integer k is the exponent of D and is
denoted by exp(D ).

It is a well known result that for a primitive digraph on n vertices, see [4], the exp(D ) =
(n-1) 2 +y1.The upper bound is achieved the Wielandt digraph W n on n vertices that
is a digraph consists of a Hamiltonian cycle v 1 ? v 2 ?y-y-y-y?vn?v 1 and thearcvn - 1
?v 1asin Figure 1. The notion of scrambling index of a primitive digraph was ?rst
introduced by Akelbek and Kirkland [1, 2].

They de- ?ne the scrambling index of a primitive digraph D to be the smallest positive
integer k such that for every pair of vertices u and v in D there exists a vertex w in D
such that there is a u k ? w walk and a v k ? w walk. The scrambling index of a primitive
digraph is denoted by k (D ). Their results, see [2], show that primitive digraph with
largest scrambling index is achieved by the Wielandt digraph.

evn-1_HHHHHHY____evn-2____ +svn-3_3yy QQssv3AAAU-v2
CCCWev1___ __vn e« Figure 1. The Wielandt Digraph W n A two-colored digraph
is a digraph each of whose arc is colored by red or blue. For nonnegative integers h and
|, an ( h,yl)-walk in a two-colored digraph is a walk consisting of h red arcs and | blue

arcs.

An ( h,yl)-walk from u to v is denoted by u ( h,l) -? v. For a walk W in D (2) , we denote r
(W) and b (W) respectively to be the number of red arcs and blue arcs of W . The
vector [ r (W) b(W ) ] is the composition of W .

A strongly connected two-colored digraph D (2) is primitive provided that there are
nonnegative integers h and | such that for each pair of vertices u and v in D (2) there
existau (hl)-?vwalkandav (hl)-?uwalk. Let D (2) be a two-colored digraph and let
C={C1yC2yyy.y,yC q} be the set of all cyclesin D (2) .

De?ne the cycle matrix M of D (2) to be the matrix M = [r(C1)r(C2)-yy-r(Cq)b(
C1)b(C2)yy-b(Cq)].Thatis M isthe matrix such that the ith column of M is the

composition of the cycle Ci, i =y1, 2,y.y..y,yq . The content of Universal Journal of
Applied Mathematics 2(6): 250-255, 2014 251 the 2 by g matrix M is de?ned to be 0 if



the rank of M is less than 2 and the greatest common divisor of the determinants of the
2 by 2 submatrices of M, otherwise.

The following theorem presents an algebraic characterization for a primitive
two-colored digraph. Theorem 1.1 [5] Let D (2) be a two-colored digraph with at least
one arc of each color. The two-colored digraph D (2) is primitive if and only if the
content of its cycle matrix is 1.

We generalize the notion of scrambling index of a primi- tive digraph to that of
scrambling index of a primitive two- colored digraph. For a primitive two-colored
digraph D (2) we de?ne the scrambling index of D (2) to be the smallest positive integer
h + | over all nonnegative integers h and | such that for every pair of vertices u and v in
D (2) there is a vertex w with the property that thereisau (h,l)-? wwalkandav (h,l)
-7 w walk.

The scrambling index of D (2) is denoted by k ( D (2) ) . Ananichev, Gusev, and Volkov [3]
have used primitive di- graphs with large exponents in attempt to ?nd slowly syn-
chronizing automata. Such primitive digraphs consist of cy- cles with two distinct
lengths.

An automaton on two input let- ters over a ?nite states is synchronizing if there exists a
word, called a reset word, of ?nite length that brings all states to a particular state. ?
Cern " y's conjecture states that for an automa- ton on two input letters A with n states,
the length of a reset word is no more than (n-1) 2.

This is close to the exponent of a Wielandt digraph on n vertices whichis (n - 1) 2 +y1.

Let A be a synchronizing automaton on two input letters and let D (2) be a two-colored

digraph representation of A . An automaton A is synchronizing with reset word of length
h + | if there exists a vertex u in D (2) such that for each vertex vin D (2) thereisav ( h,|

) -? u walk, moreover the order of appearance of red and blue arcs in each v ? u walk are
the same.

Thus the scrambling index of a two-colored digraph may be used as a lower bound for t
he length of a reset word for a synchronizing automaton with two input letters. In this
paper, we discuss the scrambling index of two- colored Wielandt digraphs W (2) n that
is a two-colored digraph obtained by coloring each arc of the Wielandt digraph W n
with either red or blue.

In Section 2, we discuss a way to determine a lower and an upper bound for scrambling
index of two-colored digraph consisting two cycles. In Section 3 we discuss the



scrambling index of two-colored Wielandt di- graph. 2 Lower and Upper Bound In this
section, we discuss a way in setting up lower and upper bound for scrambling index of
primitive two-colored digraph, especially those that consist of two cycles. We ?rst note
that every walk in a two-colored digraph can be decomposed into a path and some
cycles.

This implies for every u ( h,l') -? v walk we have the following relationship [h ] =[r(p
uv)b (puv)]+z1[r(CT)b(C1)]+z2[r(C2)b(C2)]+yy-+zq[r(Cqg)b
(Cqg)l=[r(puv)b(puv)]+ Mzforsome path p uv from u to vand some
nonnegative integer vector z . The following proposition will be useful in order to deter-
mine an upper bound for scrambling index. Proposition 2.1

Let D (2) be a primitive two-colored di- graph consisting of two cyclesC 1and C 2.
Suppose v is a vertex that belongs to both cycles. If for some positive inte- gers h and |,
there is a path p u,v from u to v such that the system Mz + [r(puv)b(puv)]=T[hl
1 (1) has nonnegative integer solution, then there is an ( h,yl ) -walk from u to v . Proof.
Assume that the solution to the system (1) isz = (z 1,yz2) T. We consider four cases.

Ifz1>0andz2 >0, then the walk that starts at u, moves to v along the (r (p u,v) ,yb
(pu,v)) -path p u,v and ?nally moves z 1 and z 2 times around the cyclesC 1and C 2,
respectively, and back at visan (hyl) -walk fromutov.Ifz1=y0andz2 > 0, then
the walk that starts at u, moves to v along the (r (p u,v) ,yb (p u,v)) -path p u,v and
?nally moves z 2 times around the cycle C 2 and back atvis an (h,yl) -walk fromutov .

Similarly if z1 > 0 and z 2 =y0, then the walk that starts at u, moves to v along the ( r (
puyv),yb (puyv)) -path p uyv and ?nally moves z 1 times around the cycle C 1 and back
atvisan (hyl) -walk fromutov.Finally,ifz1=2z2=y0, thenthe (r(puv).,yb (puyv
)) -path p u,v from u tovis an (hyl) -walk.

We next discuss a way in setting up a lower bound for the scrambling index. Let u and v
be two different vertices in a primitive two-colored digraph D (2) . For a vertex w in D (2)
, the local scrambling index of u and v at the vertex w, k u,v (w) , is the smallest
positive integer h + | over all pairs of nonnegative integers h and | such that there are u
(hl)-?wandv (hl)-?wwalks.

The local scrambling index of vertices u and vin D (2) , denoted k u,v (D (2) ), is de?ned
by k u,v (D (2) )y=yminw {k u,v (w) }. From the de?nition of scrambling index we have
max uv?V(D@2)){kuv(D@2))}y=k(D(2)).(2) Let D (2) be a primitive two-colored
digraph consisting of two cycles and let u and v be two distinct vertices in D (2) .



For some vertex w suppose that k u,v (w ) is obtained by an ( h,yl ) -walk. We have the
following result that will be useful in ?nding a lower bound for k u,v ( D (2) ) and hence
for the scrambling index. Lemma 2.2 Let D (2) be a primitive two-colored digraph
consisting of two cycles C 1 and C 2 with cycle matrix M =[r(C1)r(C2)b(C1)b(
C2)1,and let u and v be any two dis- tinct vertices in D (2) . Suppose there is a vertex
w such that thereisau (h,l)-? wwalkand v (h,l) -? w walk.

If g 1and q 2 areintegerssuchthat[hl]=M[qg1q2],then[g1q2]=M-1[r(p
uw)b (puw)]forsomepathpuw,and[q1q2]=M-1[r(pvyw)b (pvyw)] for
some path p vyw . 252 The Scrambling Index of Two-colored Wielandt Digraph Proof.
Since D (2) is primitive, then by Theorem 1.1 we have det( M )y= + 1. Without loss of
generality we assume that det( M )y=y1.

Since every walk can be decomposed into a path and some cycles, then[hl]=[r(p
uw) b (puw)] + Mz, (3) for some path p uw from u to w and some nonnegative
integer vector z. Comparing 3)and [h1]=M[q1q2],wehavez=[q1q2]-M-1
[r(puw)b(puw)]=0.Hence[q1qg2]=M-1[r(puw)b(puw)]forsome
path puw . Similarly[g1gq2]=M-1[r(pvyw) b (p vyw) ] for some path p vyw .

We note from Lemma 2.2that[q1g2]=M-1[r(puw)b(puw)]=[b(C2)r(p
uw)-r(C2)b(puw)r(C1)b(puw)-b(C1)r(puw)].Hencewehaveq1=Db
(C2)r(puw)-r(C2)b(puw) (4) for some path p uw fromu tow .

Similarly, we haveq2 =r(C1)b(pvyw)-b (C1)r(pvyw) (5) for some path p vyw
fromvtow.Thus[hl]=M[b(C2)r(puw)-r(C2)b(puw)r(C1)b(pvyw) -
b(C1)r(pvyw)]for some paths p uw and p vyw . 3 Main Results In this section we
present formulae for scrambling index of two-colored Wieland digraph.

We ?rst present primitivity condition for two-colored Wielandt digraph and then discuss
formulae their scrambling index. We note that the Wielandt digraph consists of two
cycles. They are the n -cyclev 1?v2?yyyy?vn?v1andthe(n-1)-cyclevl?v?2
yyyy?vn-1?v1.Asaconsequence of Theorem 1.1

we have the following charac- terization for primitivity of a two-colored Wielandt
digraph. Lemma 3.1 [6] A two-colored Wielandt digraph W (2) n on n vertices is
primitive if and only if its cycle matrix M =[r(C1)r(C2)b(C1)b(C2)]=[n-1n
-2 1y1]. Lemma 3.1 implies that a primitive two-colored Wielandt digraph has at most
two blue arcs. Moreover, every cycle contains exactly one blue arc.

We determine the scrambling index of W (2) n based on how many blue arcs W (2) n



has. If W (2) n has only one blue arcs, then the blue arc must lie on the v 1 ? v n - 2 path.
So the blue arc of W (2) n must be of theformva?va+Twherel=a=n-2.

If w (2) n has two blue arcs, then one of them must lie on the cycle C 2 but noton C 1
and the other must lie on C 1 but not on C 2. This implies the two blue arcs either have
the same terminal vertex or have the same initial vertex. We ?rst discuss the case where
W (2) n has only one blue arc and then discuss the case where W (2) n has two blue arcs.
Theorem 3.2

Let W (2) n be a two colored Wielandt digraph on n = 4 vertices. If W (2) n has only one
bluearcva?va+1,wherel=a=n-2,thenk(W@)n)y=n2-2n +y1-a.Proof.
We show thatk (W (2)n)=n2-2n +y1-a. This is done by showing that kva,va +1
(W@)n)=n2-2n+yl-a.

We assume that thereareva (hl)-?wandva+1(h,l)-?wwalks for some vertex w ?
W (2) n . We present a lower bound for kv a,va +1 (w) and consider two cases
depending on the position of the vertex w. Case 1. The vertexw = vtwhere 1 =t =a
Notice that there are two paths pa +1 tfromva +1tovt.

They arean (n - 2y+ t - a, 0) -path and an (n - 1y+ t - a) -path. Considering the (n -
2y+t-a, 0)-pathand (4)wehaveq1=b(C2)r(pa+1t)-r(C2)b(pa+1,t)
=y(M(n-2y+t-a)-(n-2)0)y=n-2y+1t-a.

Considering the (n - 1y+ t-a, 0) -pathand (4) we haveq1=b (C2)r(pa+1,t)-r(
C2)b(pa+1,t)=yM(n-1y+t-a)-(n-2)(0)y=n-1y+t-a. Therefore we
concludethatq 1 =n-2y+t-a.There are two paths p a,tfromvatovt.Theyarean (
n-2y+t-a, 1) -pathandan (n- 1y+ t-a, 1) -path.

Considering the (n - 2y+ t-a, 1) -path and (5) we haveq2=r(C1)b(pat)-b(C1
yr(pat)=y(n-1DM-M(n-2y+t-a)y=a-t+yl.Consideringthe(n-1y+t-a, 1)
-pathand (5) we haveq2 =r(C1)b(pat)-b(C1)r(pat)=y(n-"1)(1)-M)(n-
1y+ t - a)y= a - t. Therefore, we conclude that q 2 = a - t. Now by Lemma 2.2

wehave[hl]=M[q1qg2]=M[n-2y+t-aa-t]=[n2-3n+y2y+t-an-2],
and hencekva,va+1(vt)=n2-3n+t-a(6)Universal Journal of Applied
Mathematics 2(6): 250-255, 2014 253 forall 1 =t = a. Case 2. The vertex w = v t where
a +y1 =t =nThereis aunique pathpa +1,tfromva+1tovtwhichisa(t-a-1,0)
-path.

Using this path and (4) we haveq1=b (C2)r(pa+1,t)-r(C2)b(pa+1,t)=y(1)



t-a-1)-(n-2)0)y=t-a-1.Thereisaunique path p a,t fromv atovtwhichisa (t
-a-1,1) -path. Using this path and (5) we haveq2=r(C1)b(pat)-b(C1)r(p
at)=y(n-NDM)-(M(t-a-Ty=n-t+a BylLemma?2.2

we?ndthat[hl]=M[g1q2]=M[t-a-Tn-t+a]l=[n2-3n+yly+t-an-1]
,and hencekva,va+1(vt)=n2-3n+t-a(7)foralla+yl=t=n.From (6)and
(7) we conclude thatkva,va+1 (W (@2)n)=n2-2n +y1-aand by (2) we have k (W
2)n)=n2-2n+y1-a.ltremainstoshowthatk (W (@2)n)=n2-2n+y1-a.For
each vertex vt yt =y1, 2 y.y.y.y,yn, we show that thereisvt(hl)-?v1with[hl]=[n
2-3n+y3-an-2].ByProposition 2.1

it suf?ces to show that the systemMz +[r(pt 1)b(pt 1)]=[n2-3n+y3-an-2
1 (8) has nonnegative integer solution for some path pt, 1 from v ttov 1. The solution

to the system (8) is the integer vectorz=[(n-T1-a)y+y(n-2)b(pt 1)-r(pt 1)a
-1ly+r(pt 1)y+b(pt1)-b(pt1)n].If1=t=a,thenthereisan(n-t 1) -path
pt 1fromvttov 1.Using this path we havethatz1=n-3y+t-aandz2=a-t.

Sincet=1Tanda=n-2wehavez1=0andsincet=awehavez2=0.Ifa+yl=t=
n,then thereisan (n -t 0) -pathpt, 1 fromvttov1.Using this path we have that z 1
=t-(a+yl)andz2=n-t+a-1.Sincet=a+ylwehavez1=0andsincet=nand
a=1wehavez?2 =0.Thus foreacht=y1,2,y.y.y.y,yn, thereisa pathpt1fromvtto
v 1 such that the system (8) has nonnegative integer solution. By Proposition 2.1

for each vertex vt yt =y1, 2 ,y.y.y.y,yn, thereis an ( h,yl ) -walk from v ttov 1 with h =
n2-3n+y3-aandl=n-2.We now can conclude that for each pair of distinct
verticesviandvjin W (2) n, there is vertex v 1 with the property that there are vi (h,l)
-?vilwalkandvj(hl)-?viwalkwith[hl]=[n2-3n+y3-an-2].Thisimpliesk
(W@)n)=n2-2n+yl-a.

We next discuss the scrambling index of primitive two- colored Wielandt digraph that
contains two blue arcs. We ?rst discuss the case where the two blue arcs have the same
terminal vertex. Theorem 3.3 Let W (2) n be a two colored Wielandt digraph on n = 4
vertices. If W (2) n has two bluearcsvn-1?vi1andvn?v1,thenk(W@2)n)y=n2 -
2 n +y1.Proof. We ?rst show thatk (W (2)n)=n2-2n +y1.

It suf?ces to show thatkvn,v1 (W (2)n)=n2-2n +y1.We assume there are v n (
hl)-?wandv1(hl)-?wwalks for some vertex win W (2) n . We set up a lower bound
forkvn,v1(w).Notice that foreacht=y1,2 V.y.y.y,yn, there is a unique path p 1t
fromv 1tovtwhichisa(t-1,0)-path and there is a unique path pntfromvntovt
whichisa (t-1, 1) -path.



Using the (t- 1, 0) -path fromv 1tovtand (4) wehaveq1=b(C2)r(p1,t)-r(C
2)b(p1.t)=y(N)(t-1)-(n-2)0)y=t-1.Usingthe(t-1,1)-pathfromvntovt
and 5)wehavegq2=r(C1)b(pnt)-b(CT)r(pnt)=y(n-11)-(M(t-T)y=n-
t. Now Lemma 2.2 impliesthat [h | ]=M[q1q2]=M[t-1Tn-t]=[n2-3n+yly+
tn-1].Thereforekvn,v1(vt)=n2-2n+tforalll=t=n.

Sincet =1, we conclude thatkvn,v1 (W (@)n)=n2-2n +y1and by (2) we have k (
W@)n)=n2-2n +y1.We next show thatk (W ((2)n)=n2-2n +y1.We show that
foreacht =y1,2 ,y.y.y.y.yn, thereisavt(hl)-?v 1walkwith[hl]=[n2-3n+y2n
- 1] . By Proposition 2.1

it suf?ces to show that the system of equa-tionMz + [r(pt 1)b(pt 1)]=[n2-3
n +y2 n - 1] (9) has a nonnegative integer solution for some pathpt, 1 fromvttov 1.
The solution to the system (9) is the integer vectorz =[(n-2)b(pt 1)-r(pt 1)n-
W+r(pt 1)y+b(pt1)-b(pt1)n].

lf1=t=n-1,thenthereisa(n-1-t 1)-pathpt 1fromvttov1.Using this path
we?ndthatz1=t-1andz2=n-1-t.Sincet=1wehavez1=0andsincet=n-1
we havez2 =0.Ift=n, thereisa (0, 1) -pathpn, 1 fromv ntov 1. Using this path
we havez 1 =n-2andz2 =y0. Thus foreacht =y1, 2 y.y.y.y,yn , thereis a path p t 1
from v t to v 1 such that the system (9) has nonnegative integer solution.

254 The Scrambling Index of Two-colored Wielandt Digraph By Proposition 2.1 for each
vertex vt yt =y1, 2 y.y.y.y,yn, thereis an ( hyl)-walk fromvttov1withh=n2-3n
+y2 and | = n - 1. Therefore, for each pair of distinct vertices v i and v j there is vertex v
1 with the property that there existvi(h,|l)-?v 1walkandvj (hl)-?v 1walkwith[hl
]1=[n2-3n+y2n-1].Therefore, we conclude thatk (W (2)n)=n2-2n +y1.

The following theorem presents the scrambling index of primitive two-colored Wieland

digraph with two blue arcs that have the same initial vertex. Theorem 3.4 Let W (2) n be
a two colored Wielandt digraph on n = 4 vertices. If W (2) n has two bluearcsvn-17?v
Tandvn-1?vn,thenk (W (@) n)y=n2-2n +y2. Proof. We show that k (W (2) n)

=n2-2n+y2.

It suf?ces to show thatkvn-1,vn(W(@2)n)=n2-2n +y2. For this purpose we
assume that therearevn (hl)-?wandvn-1(h,l)-?wforsomew?W (2) n. We set
up a lower bound frokvn-1,vn (w) and consider two cases depending on the
position of the vertex w . Case 1.



The vertex w = vtwhere 1 =t = n - 1 There is a unique path p n,t from v n to v t which
isa (t 0) - path. Using this path and (4) we havegq1=b (C2)r(pnt)-r(C2)b(p
nt) =y(1)(t) - (n-2)(0)y=t. Therearetwopn-1,tpathsfromvn-1tovt.Theyare
a(t-1,1) -pathanda (t, 1) -path.

Considering the (t- 1, 1) -path and (5) we haveq2=r(C1)b(pn-1,t)-b(C1)r(
pn-1,t)=y(n-1)(1)-(1(t-1)y=n -t Considering the (t, 1) -path and (5) we have q
2=r(C1)b(pn-1t)-b(C1)r(pn-1,t)=y(n-1(1)-(1)(t)y=n-t-1.Hence
we conclude thatq2 =n-t-1.Now Lemma 2.2 impliesthat[hI]=M[gq1q2]=M]|
tn-t-1]=[n2-3n+y2y+tn-1].

Thuskvn-1T,vn(vt)=n2-2n+y1y+t(10)forall1=t=n-1.Case 2. The vertex
w=vnThereisa(n-1,1)-path fromvntovn.Using this path and (4) we ?nd that q
1=b(C2)r(pnn)-r(C2)b(pnn)=y(1)(n-1)-(n-2)(1y=y1.Thereisa (0, 1)
-path fromvn-1tovn.

Using this path and (5) we ?nd thatq2=r(C1)b(pn-1,n)-b(C1)r(pn-1,n)
=y(n- 1)) - (NO)Yy=n-1.NowLemma 2.2 impliesthat[h|]=M[g1qg2]=M[1n
-1]1=[n2-2n+y1Tn].Thuskvn-1,vn(vn)=n2-n+y1.(11) By considering
(10) and (11) we conclude thatkvn-1T,vn(W((2)n)=n2-2n +y2 and by (2) we
concludek (W @2)n)=n2-2n+y2.

We next show thatk (W (2) n) =n2-2n +y2. For each vertex v t yt =y1, 2 ,y.y.y.y,yn,
we show that thereisvt(hl)-?v1walkwith[hl]=[n2-3n+y3n-1].By
Proposition 2.1 it suf?ces to show that the system of equa-tionsMz + [r(pt, 1)b(p
t,1)]=[n2-3n+y3n-1](12) has a nonnegative integer solution for some path p t,
1fromvttov1.

The solution to the system (12) is the integer vectorz = [1y+y(n-2)b (pt 1)-r(pt
T)n-2y+r(pt 1)y+b(pt1)-b(pt1)n].IfT=t=n-1,thenthereisa(n-t,
1) -pathpt, 1fromvttov 1.Usingthispathwe?ndz1=t-1andz2=n-1-t.
Sincet=1wehavez1=0,andsincet=n-1Twehavez2 =0.Ift=n, thenthereisa
(1,0)-pathpn, Tfromvntov 1.

Using this path we have z 1 =y0 and z 2 = n - 1. Therefore, for each t =y1, 2 y.y.y.y,yn,
the system (12) has a nonnegative integer solution for some path pt, 1 fromvttov 1.
By Proposition 2.1 for each vertex v t .yt =y1, 2 ,y.y.y.y,yn, there is an ( h,yl ) -walk from
vttoviwithh=n2-3n+y3andl=n-1.

We now conclude for each pair of distinct vertices v i and v j there is vertex v 1 with the



property that therearevi(hl)-?v1andvj(hl)-?v1walkswith[hl]=[n2-3n
+y3n-1].Hencek (W (@2)n)=n2-2n +y2.LetSW (2) n ndenote the set of
positive integers k for which there exists a primitive two-colored Wielandt digraph with
scrambling index equals to k .

The following result gives the characterization for the set SW (2) n n. Corollary 3.5 Let
W (2) n be a primitive two-colored Wielandt digraph on n = 4 vertices. Then SW (2) n n
={k:n2-3n+y3=k=n2-2n+y2}. Universal Journal of Applied Mathematics 2(6):
250-255, 2014 255 Proof. We note from Theorem 3.2 that[n2-3n+y3 yn2-2n]?S
W (2)nnsince1=a=n-2.ByTheorem 3.3 and Theorem 3.4

we conclude that [n2 -3 n+y3 . yn2-2n +y2] ? SW (2) n n. Since there are only n
distinct primitive two-colored Wielandt digraphs on n vertices, we have SW (2) n n =y]|
n2-3n+y3,yn2-2n +y2]. REFERENCES [1] M. Akelbek, S. Kirkland. Coef?cients of
ergodicity and the scrambling index, Linear Algebra and its Applications, 430,
1111-1130, 2009. [2] M. Akelbek, S. Kirkland.

Primitive digraphs with the largest scrambling index, Linear Algebra and its Applications,
430, 1099-1110, 2009. [3] D.S. Ananichev, M. V. Volkov and V. V. Gusev, Primitive Di-
graphs with Large Exponents and Slowly Synchronizing Au- tomata, Journal of
Mathematical Sciences, Vol. 192 No. 3 (2013), 263-278 [4] R. A. Brualdi and H. J. Ryser,
Combinatorial Matrix Theory, Cambridge University Press, 1991. [5] E. Fornasini, M. E.
Valcher.

Primitivity positive matrix pairs: algebraic characterization graph theoritic description
and 2D systems interpretations, SIAM J. Matrix Anal. Appl., 19, 71— 88, 1998. [6] B. L.
Shader, S. Suwilo, Exponents of nonnegative matrix pairs. Linear Algebra and its
Applications, 263, 275-293, 2003.
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