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ABSTRACT

This study aims to build a new model of the spread of pulmonary tuberculosis (TB) in
order to reduce the level of distribution, with the added effect of vaccination models
susceptible exposed to infection and recovery (VSIR) who had previously built up to
be a model VSEIR. To test the validity of this model will be proven stability analysis.
Analysis of both models is conducted using linearization method by studying the
nature of equilibrium points. Simulation for models using derive parameter values in
an attempt to study the spread of dengue viruses in North Sumatera. The research
also aims to find out the value of Reproductive number R, over the total of the
Tuberculosis cases reporting in North Sumatera. Furthermore, a comparison between
the real data and the numerical solution using the fourth order Runge-Kutta method
(RK4). To overcome the spread will be tested in the analysis of optimal singular
control over this VSIR and Susceptible Exposed Infected and Recovery (SEIR) models
of Tuberculosis, finally, we also proof the optimal singular control for Vaccination
Susceptible Exposed Infected and Recovery (VSEIR) model.
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CHAPTER1
INTRODUCTION

1.1 Background

Tuberculosis (TB) is a bacterial disease acquired through air bone infection.
Mycobacterium tuberculosis (MTB) is the causative agent of tuberculosis. TB
disease can affect anyone (old, young, men, women, poor, or rich) and anywhere.
TB disease is usually transmitted through contaminated air with Mycobacterium
tuberculosis bacteria that are released during coughing TB patients, and in
children the source of infection is generally derived from adult TB patients. These
bacteria often enter and when accumulated in the lungs will breed a lot (especially
in people with a low immune system), and can spread through the blood vessels or
lymph nodes. That is why TB infection can infect virtually all body organs such
as the lungs, brain, kidneys, gastrointestinal tract, bone, lymph nodes, etc.,
although the organs most commonly affected are the lungs [1]. Each year,
Indonesia increased by a quarter of a million new TB cases and approximately
140,000 deaths occur each year due to tuberculosis. In fact, Indonesia is the third
largest country with the problem of tuberculosis in the world [1]. According to the
World Health Organization, one —third the world’s population is infected, either
latently or actively with tuberculosis [2].

During the year 2010, around 73.8 percent of TB patients are in North
Sumatra. Based on a survey of these, Medan city is the largest number of
sufferers. In general, the detection rate of TB case increased in North Sumatra.
According to the North Sumatra Department of Health in 2005, we estimated that
at 15,517 cases of TB sufferers and in 2010 as many as 15,614 TB-positive people
in North Sumatra, while based on the estimated, it amount to 21 148 people.
Based on data from the Department of Health in 2010 there are six districts/ cities
in North Sumatra in 2010 with the highest number of patients based on the
population in Medan around 2,397 patients, Siantar around 288 patients, Binjai
around 260 patients, Tanjung Balai around 150 patients, Tebing Tinggi around
145 patients and Deli Serdang around 1,554 patients [3].

Immunization is considered important because it has some benefits for

toddlers, such as preventing the spread of Tuberculosis. BCG immunization was
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given 1 month of age giving one the benefit prevent transmission of tuberculosis
(TB) are heavy. "If the baby is not complete immunized under the age of one year
as BCG has not given, it must be done if the test maontoux baby five months of
age or older. This test is to determine whether the baby is negatively affected by
TB. If the test result is negative, it can only be given BCG immunization [1].

Despite some successes associated with the use of BCG vaccine and some TB
treatment therapies, this pandemic has continued to increase and has led to a
growing consensus that new control strategies will be needed for disease
eradication. The optimal control has a long history of being analysed to problems
in epidemiology problems. Bowong [4] control a tuberculosis model indicating
how a control term on the chemoprophylaxis should be introduced in the
population to reduce the number of individuals with active TB. Yang et al. [5]
focus primarily on controlling the disease using an objective function based on a
combination of minimizing the number of TB infections and minimizing the cost
of control strategies. In this work, main emphasis is on a complete analysis of the
optimally properties corresponding to trajectories. There controls are natural
candidates for optimally and are widely used in medical treatment were a
maximum dose of treatment is given repeatedly with breaks in between. We
develop simple and easily verifiable conditions which allow us to determine the
locally of bang-bang control. In this paper, we investigate the optimality singular
controls of SEIR models of tuberculosis with vaccination and treatment
theoretically. These are controls correspond to time-vary the vaccination and
treatment schedules.

The mathematical model for tuberculosis found that compartmental
dynamics such as Susceptible, Infected, Removed with vaccination (VSIR) [4].
Since the disease can remain latent, become active, or it can progress from laten
TB to active TB either by endogenous reactivation or exogenous reinfection [5].
Based on previous statement, we modify [4] and adopts the class Exposed (E) to
VSIR model. Thus, this paper will discuss about formulation of model, analysis
and simulation using the fourth order Runge Kutta (KR4).

Many researchers have researched about this TB, for example, Nyabadza

and Kgosimore (2012) have formulated a model for the TB compartment with two



age classes, namely: children and adults. Qualitative analysis was conducted to
determine the stability of the model equilibrium models in terms of the model
reproduction number Ry. Numerical simulations are also performed to investigate
the role played by several key epidemiological parameters in the dynamics of the
disease. Ozcaglar et al (2012) have created a model that simulates the dynamics of
tuberculosis transmission, treatment, drug resistance, control strategies to improve
adherence to treatment, HIV/ TB co-infection, and patient groups. Abdulkarim
(2007), examines the dynamics of age-structured models of the transmission of
TB transmission along the lines of classical McKendrick-Foerster, age-structured
population models are based on several assumptions which contradicts the
assumption castillo-chaves depending on the age and age-dependent mortality rate
of contact, vaccination and treatment, will be removed and quarantine infected to
non-disease caused death. Tome and Oliveira (2011), a model susceptible-
Infected-Recovery (SIR) and susceptible-exposed-infected (SEI), studied on the
Cayley tree of coordination number k. The spread of the disease in the formation
was found to occur when a greater chance of infection b bc = k /(2 (k — 1)),
which is equivalent to a dynamic site percolation models, the spread of infection

occurs when opportunities p greater than pc = 1/ ((k — 1)).



CHAPTER II
LITERATURE REVIEW

In a study of the spread of epidemic dengue fever, and SIR and SEIR models
approach has been used. These model are expected to be able to know the number
of hosts infected with the epidemic, the number of hosts recovered, the number of
hosts recovered, the number of mosquitoes that become suspect, the number of
hosts infected with the virus show symptoms denggi and the number of people
potentially infected with dengue virus.

2.1. Susceptible Infected Recovery (SIR)
Susceptible Infected Recovery (SIR) was first introduced by Kermack and

Kendrick in 1927. At the SIR model, the human population is divided into three
groups, namely susceptible or vulnerable to the symbols S, infected or infected
symbolized by the I and recovery or recovered symbolized by R. Total number of
such groups is N = SIR. Here, S or SIR modelling is susceptible to uninfected
individuals but groups can be infected with the disease. Therefore, this group also
has the possibility to be infected (I). I or an infected individual can spread the
disease in susceptible individuals. The time required by patients with infectious
disease is called the period of the disease, after a period of illness then
individually moved and become individuals who recovered or recovered.
Meanwhile, recovery individuals R have been recovered or immune from the
disease.

SIR model is written in the form of ordinary differential equations (GDP),
which is one part of a deterministic model, with continuous time. The analogy is
similar to the reaction kinetics, which can be assumed to be infected and
susceptible individuals change occurs at a rate proportional to the population size.
The rate of change of new infected individuals defined as aSI — I, with a a
transmission value while the value of f is the rate of healing. Infected individuals
are assumed to be recovered with a constant probability all the time. Which then
changes constantly with the rate of healing per capita is denoted as f and
symbolized as BI entirety. Based on this assumption, then we can form a model
scheme as follows.

S | R

Figure 1. Schematic of the SIR model

The diagram can be constructed in the following differential equation:

ds (D
dld_t - (2)
E = aSI — ,31



dR ; 3)

These equations describe the individual transitions from S to I and then to R. By
adding these three equations this equation can easily be shown that the total
population is constant.

2.2. Susceptible Exposed Infected Recovery (SEIR)

SIR model discussed above is by simply taking into account the types of
diseases that can infect other people after they are infected. Many diseases have a
latent or open phase, wherein said individual is infected but not contagious. For
example measles, there is a period of about seven to eight days that a person is
exposed, while the virus multiplies. After this period, the individual will
experience a cough and mild fever. At this point the individual is said to be
infected and contagious. In such cases it is necessary to describe the different
models of the situation, ie, with the addition of individuals exposed or latent. In
this section SEIR models including birth and death will be explained along with
the exploration of differential equations that describe the flow from one class to
another. The flow of this model can be considered in the diagram below.

Birth
e el —— R
Death

Figure 2. Scheme of SEIR Model

In this model the population (N) is divided into four classes: susceptible, exposed,
infectious,and recovered, the number of individuals in the class, or their density is
represented by each S (¢t),E (t),I (t),R (t), we have:
N=S@t)+E()+I(t)+R(t) 4)
Prior to directly explore the dynamics equations considered susceptible
class (S (t)). Initially, S(t) is considered the entire population (N). In such cases
the population S (t) increases with the birth rate (b), but decreased with the death
of one person. The degree to which individuals die at the rate of mortality (p)
times the number of susceptible individuals. Upon contact with an infectious
individual, a small fraction of S (t) moves from class to class vulnerable open.

The next three differential equations can be viewed in the same way, with

people entering the class/ compartment from the previous, and left the

compartment to move on to the next compartment, or die.
dE (6)
E:ﬁSI_(S-I_M)E



(7
dt

dR )
EZ)/I—‘UR
where t > 0,5(0) = S, > 0,E(0) = E; > 0,1(0) = I, > 0.

dl
—=0E—-(y+wl

2.3.Vaccination Susceptible Infected Recovery (VSIR)
Models for the spread of tuberculosis by Vaccination susceptible Infected

Recovery (VSIR) was created by Momoh et al (2012). The model has been
divided into four classes, namely population: The infantry passively immune,

susceptible, Infected, Recovery. The model is described as follows:

Figure 3. VSIR Model

Individuals who put in classes V through a natural birth at a rate Q through
passive vaccination, V population declined because of natural mortality at rate p
and the individual moves to S as a result of the use of passive vaccination rate «.
S population increased due to the arrival of individuals from classes V and R at
rate a and 8. S-class population decline due to the movement of individuals into
classes that are infected at rate f and the natural death rate u. Population [
declined because treatment for TB at rate y and the natural death rate u and deaths
from TB infection rate ¢. A population increase due to the movement of
individuals at rate y of I and decreases due to the movement of individuals to 6
and S in the rate of natural mortality at rate u. The model described above then

become ordinary differential equation as follows:



v )
s-0-ta)

ds
— =aV — (u+BDS+6S

ds
ﬂ=ﬁ’51—(u+<p+)/)1
ds
dR
s =Y - (w+O)R
where
= Natural birth rate
=  passive immunity infants at time ¢
=  Susceptible class when the time ¢
= Infected class at time &
=  Recovery class at time &
u = Natural mortality rate
=  Rate efficiency duration of vaccine
=  TB contact rate
=  Deaths from TB infection
y =  Rate of duration of vaccine efficiency

=  Rate in which the individual becomes vulnerable

2.4.Maximum Principle
Theorem 1. () (Pontryagin Maximum principle (PMP) for linear time optimal
problem) Assume the domain of control Q to bea compact, convect subset of R™.
An admissible control u(.) and its corresponding trajectories x(.) both defined
on [ty, t,] extermal if only if ther are exist non zero absolutely continuous vector
p(.) solution of adjoint equation

p(t) = —p()A(t) a.e on[to, t4] )

Such that
p(O)B)u(t) = max p(t)B(u (10)

Such vector is called a an adjoint vector.



Proof. Assume x(.) to be the extermal trajectories corresponding to the extremal
control u(.) both defined on [ty t;]. By definition we have x(t;) € dAqg(t;)
where x(.) is written as

‘ (11)
x(t) = d(t) (xo +f ¢_1(S)B(s)u(s)ds>

0
The accessibility set dAq(t;) is compact and convex and since x(t;) € dAq(t,) ,
there are exists a support hyperline [] to Aq(t;) at x(t;). Let p be a non zero
normal row vector to [] at x(t;) outward with respect to Aq(t;) . Let p(t) be
defined for ty < t < t; by p(t) = pF~1(t), p(t;) = p. We have

t (12)

MOMQ=%%+Lf@BGW@M&

Le us assume that there exits a subset of [ty, t;] of non zero measure such that for

all t in this subset we have

p(OBOu(t) <maxp(t)B(t)u (13)

Using Filippov selection Theorem, we can define a measurable control #(.)

satisfyinga.e.on ty <t <ty

p(OB(O)A(L) = maxp(t)B(O)u (14)
u
Let X(.) be the trajectories associated to #i(.). We have
N ‘ . (15)
PO = poxo + | PEIBEA)s
to
Moreover, by construction of #i(.) and from (12) the following inequality holds:
‘ (16)
J p(s)B(s)u(s)ds < p(s)B(s)ti(s)ds.
to
Hence we deduce that
p(t)x(ty) < p(&)x(ty) (17)

This contradicts the fact that x(t;) € dAq(t;) and that p(t,) is outward normal to

[T at x(t,). Therefore we must have a.e.
p(O)B(Ou(t) = maxp(t)B(Ou (18)
u
Conversely, if u(.) satisfies a.e. the equality

p()B(®)u(t) = rggggp(t)B(t)u () (19)

8



We show that x(t;) € 0Ag(t;).Indeed assume that x(t;) € dInt Ay(t;).
Therefore there exists X; € dAy(t;) such that

p(t)x(ty) < p(t)x, (20)
Let u(.) Be a control defined on [ty t;] steering x, to X; and X(.) the

corresponding trajectory. It follows that

p(t)B®)4(t,) < p(t)B®)u(ty) ae. (21)
Hence, by computing we get
p(t)x(t) < p(t)%x; < p(e)x(ty) (22)

Which contradicts to the inequality (19).
2.5.Determination singular extremal
Let (z,u), z = (x, p) be a singular extremal defined on [0.T]. By definition it is a

solution a.e. on [0. T] of the following equations:

£() = X(x(D) + u©Y (©), 5O = - (R (x@)+ &
w2 (x(®)
And it is contained for each t in the set

Z:1: {(x, p)' (p' Y(X)) = 0} (24)

Since t — z(t) is an absolutly continuous in curve X;, differentiating t —
(p(t),Y(x(t))) = 0, one gets

(p(®), [X,Y](x(t))) = 0, (25)
a.e. on [0.T], where the Lie bracket is computed with the convention

0Z 0Z
[Z1,Z5]1(x) = a_xl (x)Z5(x) — a_xz (x)Z;(x). (26)

Since t — (x(t),p(t)) is continuous, the curve t — z(t) is contained for each

t € [0.T] in the set

Z:{Cx, p) € Zq, (p(x(®), [Y, X](x(t))) = O} 27)
Hence, differentiating t - (p(x(t), [Y, X](x(t))) = 0, we get the relation
(@, [[Y, X1, X] Cx()) + u®p(®), [[Y, X1, X] (x(£))) = 0. (28)

For almost every t € [0, T].
This last relation allow us to compute u(.) in many cases and justifies the

following definition.



Definition 2. () For any singular extremal (z,u)defined on [0,T], R(z,u) will
denote the set {0 < t < T; (p(¢), [[Y,X], Y](x(£)))} # 0. The set R(z,u)possibly
empty is always an open subset of [0, T].

Proposition 3. Let (z,u)be singular extremal defined on [0, T] and assume that
R(z,u) not empty. Then

1. Forae.t € R(z,u),
@, [1¥,x1,X] () (29)
(p(®), [[¥, X1, Y] (x(£)))

2. z restricted to R(z,u) is smooth and is solution for every t of the

u(t) = ﬁ(z(t)) =

equations.:

x(t) = X(x(t)) + 2(6)Z(D)Y (z(t)) (30)

X ay
5 = —p(®) (5 (x() + A=) 5 x(0)) el

Proposition 4. Let (x, (u, v))be a controlled trajectory of the system and let A be

a solution to the corresponding adjoint equations. Given a continuously
differentiable vector field h, define

P(t) = (A(6), h(x (D)) (32)
Then the derivative of  is given by

Y(©) = A, [f + gyu + gov, hl(x(D))) (33)

10



CHAPTER 111
OBJECTIVE OF THE RESEARCH
3.1. Objective of the Research
The general objective of this research is to create a new model of the
spread of TB disease in the exposed class which is considered in VSIR, in order to
reduce the diffusion rate. While the particular purpose is:
1. Make epidemiological models VSEIR
2. Proving the stability of the model VSEIR
3. Implementing Model VSEIR to obtain the amount of spread of disease.
4. Calculating the spread of disease from the model optimization VSEIR

3.2. Urgency

As the background that TB disease is still a disease that is a health issue
and the attention of the world and an increase in TB cases in North Sumatra, this
study should be implemented to avoid casualties died and many more of course to

reduce treatment costs to be borne by the government and society.

3.3.Innovation Finding

Pada penelitian kali ini, model baru diperoleh dari pengembangan model
yang dikemukakan oleh Momoh et al. (2012) yaitu Vaccination Susceptible
Infected Recovery (VSEIR), disamping itu juga akan diuji stabilitas dari model

akan diperoleh optimasi dari jumlah penyebaran penyakit Tuberculosis tersebut.
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CHAPTER 1V
METODOLOGY

In previous studies, mathematical modeling of the spread of tuberculosis
and vaccine effect using a model Vaccination Susceptible Infected Recovery
(VSIR) has been introduced by Momoh et al in 2012. They have to model the case
of TB with multiple steps:

1. First Step

The simplest model to build a model of the dynamics of the spread of tuberculosis
is susceptible-Infected-Removed (SIR). In 1927,Kermack and McKendrick make
them consider a model where fixed by simply dividing the population into three
components, namely susceptible S(t), infected I(t), and removed the R(t). In this
study, the SIR model will be reviewed again as the basic theory of the formation
of a new model.

2. Second Step

For the second step, the model VSIR reviews back as the theoretical basis for the
model to be created. For VSIR, the population of TB population is divided into
four classes, namely: passively immune infant (V'), susceptible (S), Infected (1),

Recovery (R). The model is described as follows:

Figure 4. VSIR Model
Individuals who put in classes V through a natural birth at a rate Q through
passive vaccination, V population declined because of natural mortality at rate p

and the movement of individuals into S as a result of the use of passive

12



vaccination rate a. S population increased due to the arrival of individuals from
classes V and R at rate a and 6. S-class population decline due to the movement of
individuals into classes that are infected at rate p and the natural death rate p.
Population I declined because treatment for TB at rate y and the natural death rate
p and deaths from TB infection rate ¢. A population increase due to the
movement of individuals at rate y of I and decreases due to the movement of
individuals to 6 and S in the rate of natural mortality at rate p.

Here, Q is the rate of natural birth, V' passive immunity infants at time ¢,
S is a susceptible class at time t, I is the class Infected at time t, R is the class
recovery at time t, the natural death in rate u. Rate a is efficient duration of
vaccine TB contact rate B Deaths from TB infected in rate ¢. Rate y is the
duration of vaccine efficiency, 0 is rate which individuals become susceptible.
The model described above then becomes the following ordinary differential

equation:

WV o et ey
as ¢ty

S
=aV —(u+pBDS +68S,

ds
dl
$=ﬁ51—(u+<p+y)l,
dR
E=V1—(H+9)R.

3. Third Step
In the model of SEIR, the population is divided into four subclasses, namely the
class of vulnerable populations (susceptible (S)), class infected population
(Exposed (E)), the class population is infected (Infected (I)), and a class of
population recovery (Recovery (R)). Then S states the proportion of susceptible
individuals at time ¢, E states the proportion of individuals infected at time t, [
states the proportion of individuals infected at time t, the proportion of individuals
R declared cured at the time t, and N denotes the total proportion of individuals.
The parameter used is b declare the birth rate, death rate u naturally stated,

the contact rate [ states, states healing rate y, and § expressed individual rate

13



class to class E, the value of b, u,8,¥,6 > 0. The number of individuals in the
class of susceptible (S) decreased by the transmission of the disease, §S1 /N
and natural mortality, u S and increases due to births, SN. Number of Individuals
Exposed to the class (E) decreased by natural death u E, and class E goes to
classes Infected (I), and increased as a result of disease transmission § S 1/ N
number of individuals in class Infected (/) have declined with natural mortality,
u I and individuals who recovered, y I and increased as a result of individuals
coming from class E. the number of individuals in the class R. uR decreases due
to natural mortality, and increases as the individual has recovered, y I. Based on

the above, made transfer diagram as follows:

pSI
b N SE v
— s |_ "ol | o1 |—— R

Figure 5. SEIR Model

Mathematical model based on the transfer diagram above as follows:

dS—b S ﬁSI
dt =y

dl B

— =9/ - E

g - NSl Wt o)
dl

— =6 — I
T OE —(u+vy)
dR_ ’ -

where: t > 0,5(0) = S, > 0,E(0) = E; > 0,1(0) = I, >0, and R(0) = R, >
0.

4. Fourth Step
Formation of a new model taking into account the exposed class (E) on the

previous models Vaccination Susceptible Infected Recovery (VSIR) introduced

14



by Momoh et al. (2012). Momoh et al. (2012) have incorporated individuals into
classes V through the natural birth rate Q through passive vaccination, V
population decline due to natural mortality at rate p and the movement of
individuals into S as a result of the use of passive vaccination rate a. The
parameters used are b declare the birth rate, death rate u naturally stated, the
contact rate 8 states, states healing rate ¥, and § expressed individual rate class to
class E, the value of b, u, B,y,6 > 0.

The number of individuals in the class of susceptible (S) decreased by the
transmission of the disease, f S 1 / N and natural mortality, u S and increases due
to births, SN. Number of Individuals Exposed to the class (E) decreased by
natural death p E, and E class goes to classes Infected (I), and increased as a
result of disease transmission § S 1 / N number of individuals in Infected class (1)
have declined with natural mortality, p I and individuals who recovered, y I and
increased as a result of individuals coming from class. The number of individuals
in class R decline due to natural mortality, and increases as the individual has
recovered, yI. Based on the above, the following transfers were made diagrams:

BSE SEI
Q b N N 7
>V s|l_ S|E| S| |—

o)

Figure 6. VSEIR Model

5. Fifth Step

Determination Equilibrium point, eigenvalues and reproductive numbers by using
the definition.

6. Sixth Step

Stability proving using theorem 2.1 and theorem 2.2

7. Seventh Step

Determining control optimization using geometric optimal control theory methods
to analyse the relationship between the vaccination and the optimal treatment
schedule applied. Overall, this study measures fishbone is written using the
following:
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Figure 7. Fishbone Diagram
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CHAPTER 1V
RESULT AND DISCUSSION

4.1. Formulation of Model

The total population size N(t) is divided into four distinct epidemiological
subclasses of individuals which are vaccination, susceptible, infectious, and
recovered, with sizes denoted by V(t),S(t), I(t), and R(t), respectively. Thus,
N(t) can be written as N(t) =V (t) + S(t) + I(t) + R(t). The VSIR model
[4] having vaccination, infected and recovered period is described by the
following system of differential equations:

dv 34
E:CI—(H1+51)V' ©4)
ds (35)
E = 61V - (,uz + 621)5 + 05,
dl 36
E= 621S — (ug + pirp + 84)1, (6)
dR 37
T 841 — (us + O)R, 37

where human birth in natural through passive vaccination (V(t)) at rate p, non
negative parameters [ fy Uz, Uy, Us denote as natural death of population of the
V, the S, the I and the R, respectively. Population of infected Tuberculosis died in
rate urg. The susceptible population decreased due to coming individual from the
V in rate §;. 8, denotes the transfer rate from susceptible to infected population.
Infected population increases due to movement of individuals from infected
individuals I in rate §, dan decreased due to movement of individuals in to the S
at rate 6. In this paper, we assume that human recovering is fully recovered. In
flow of mathematical model, we assume that each compartment occurs interaction
between classes. Hence, Eqs (1)-(4) can be written as

Ccil_‘t/ =qN — u,V — 6,VS, (38)
% = 6, VS — u,S — 6,18, (39)
% = 0,81 — (g + Uy + 04)1, (40)
Ccil—}; = 041 — UsR. (41)

Here, we assume that all new birth got BCG vaccination. Using a compartmental

approach, one may assume that a susceptible individual first goes through a latent

period (and is said to become exposed or in class E(t)). The exposed individual

increases from susceptible individuals in at rate a and decreases in rate p and ps
17



couse of death. Then, any interaction between exposed and infected in rate p. The
exposed population The VSEIR model having infectious force, infected and
recovered period is described by the following system of differential equations:

av 42
=GN =V = 8V, 42)
as 43
Ez 61VS_‘U2$_(ZES, ( )
dE 44
o= (aS —y  pI)E, 49
dl (45)

T PEI — (pg + trp + 64)1,
dR 46
E = 641 - ,LlsR, ( )

with conditions

N=V+S+E+]I+R->R=N-V-S—-1, (47)

where the positive parameters pq, Uy, Uz, Ua, Us and pg are the rate of natural death
of vaccitaion individual (V(t)), susceptible individual (S(t)), exposed individual
(E(t)), Infected individual (I(t)) and recovery individual (R(t)), respectively. q
denote the rate of natural birth through passive vaccination. The model can be
simplified by assuming the following fractions [6]

u=Y, w=2, x=2, y=1 andz=". (48)
N N N N N
Thus, the model for human populations can be simplified as follows

du (49)

da =q—(u+8)u,
w 50
— = (81u — p; — ax)w, (50)

dt
X aw = s — py) (51)
dt ; aw — Uz — pY)X, o)
Y _ 52
z 53
E = 64}1 — UsZ,

where B = (4 + pirs + 8).
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4.2. Stability Analysis
4.2.1. Disease Free Equilibrium (DFE)
Critical point will occur while the value of

du dw dx dy dz

dt — dt dt dt dt (54)
Substitute (49)-(53) in to Eq. (54) as follows

q— (4 +6,Wu =0, (55)
Squw — (U, + ax)w =0, (56)
(aw — puz — py)x = 0, (57)
pxy — By =0, (58)

8,y —usz = 0. (59)

Inserting Egs. (55)-(58) into Eq. (59) indicates the equilibrium point of the system
are:

By = (Mi’ 0,0,0, 0), and F, = (ug, Wy, X¢, Yo, Zo) With values
1
u=ﬂ_2 W=q51_ﬂ1ﬂ2 xo = 0 -0 2 =0
P ° Sy 0 Yo =5 o= (60)

Linearization of Egs. (49)-(53) on the equilibrium points (Mi 0,0,0,0), yields
1

the following equation

du

dt qa

dw /_,U1 — 0 0 0
Ha

dt

QU Q,
<

QU
=
o
|
=
N
(]
o
o
\____/
S~
_/

QU Q.
N o+

(61)

QU
~

Using MAPLE, Eq (61) leads to five eigenvalues equations as follows:
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q6
—2°+ (M—ll—ﬁ — 1~ Uiz — 3 —u5>/14
+ [<q51(/3 + Uz + Ms))
258
+(q61 — (Mg + ps + pp + p3)f — p3(py + pz) — (s
5 + Bus +
N ul)uz)l e lq 1(43P + Bus usug)l J¥

253
q618(us — us)
+[ : #5 4 q6,(us + ps + B)
1

— Uit (B + ps + 13) — uyps(B + 1z) — pusus(B + pz)

— taus(B + p3) — paus (B + us)l A — o pispsf (62)

+ qb1p3usp = 0,
with eigenvalues

A A2 A3 = —us, Ay ==, As = —us.  (63)
=—ly, _  HaHa— q0,
H1 ’
4.2.2. Epidemic Equilibrium State
Linearization of Eqs (49)-(53) on the equilibrium point (uy, Wy, X, Vo, Zo) yields
the following equation:

d_u qé1— U1l

dt ————— 1 —pHz 0 0 O

aw 5 " 5,(q8 ) u

- a81—H1p ok e ol

gt 1 142 0 _ 2 81 142 0 O W\
x | H2 142 x

at |~ a@d1—papz) _ :

v 00 S1u2 Hs 00 | y/
at 0 00 —-p 0 / z
dz

— 0 0 O 64, —Us

dt

(64)
Using MAPLE, Eq (64) leads to five eigenvalue equations as follows
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Q(a - 61) _ Mlal /14

—)5 —B — o — Ue —
+l B — Uz — s 0 5,

amp B qap
+ [—(Ms + u3)B — qd1 + pypy — pspis — =
8, Uz
qb1us  @q’S;  qSipz | qaus  qap 3
- + > — + — A
Uz u; Uz Uz Uz
51‘12“ llza.uf 51‘12“,3 5151205/15
+ + =+ — + 5
Uz 81 Uz Uz
8B +ps)  qaB(uy +ps)  appspB
Uz Uz o

— 6,q(us — pz) + pppg (Us + puz) — 6198
+ a2ty — Hapis)B — anull 2

5,aq? S5,aq? S5,aq? au,?
+l1 q13+1CIll5+1CIﬁH5+H2M1ﬁ

2% %) l«lz2 (o 65)
2
paap“ps  61qBus(py + pi3)
+ 2151 Shae 2 — 61qB (uz + us)
(o} |2%)
— 61quzis + ppp f(us + ts) + pUppg pziis
— 2qap, (B — lis)l A
81q%ausB | poauifus
+[ : += 61 — 61qPusus + Pl tatzs
%) 1
- zqaﬁlhllsl =0
with eigenvalues
PR Va?8% — 4q8: 3 + 4pa i3 N
1 2’[/[2 ) 2
_ 481+ q?8F — 4q8u4] + 4pps3
5 5 20y '
HaU3 — qo1@ + apq iy
/1 = - ! ] A = —p, /1 = - .
3 1,0, 4 p 5 Us (66)

Since R,(4;) <0, R,(1,) <0,R.(13) < 0,R.(A4) <0, R,(A5) <O, then itis
asymptomatically stable.

4.2.3. Equilibrium point of VSEIR model for North Sumatera Indonesia
Parameters of this model are variously determined. Some parameters are taken

from annually Health fact [1] and supplement data from previous study by
Momoh et al. [4]. The parameter is known as q =0.11,u, =0.1,u, =
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0.133,u; = 0.14, us = 0.133,6; = 0.675, 6, = 0.544, 63 = 0.644,56, = 0.7 and
Urg = 0.05. The equilibrium points were determined using VSEIR model with set
parameters for the state of north Sumatera.

du
It = 0.15 - 0.1u — 0.675uw, (67)
w
s = 0.675 uw — 0.03w — 0.544wx, (68)
dx 69
i 0.544wx — 0.04x — 0.644xy (69)
d 70
d_Jt] = 0.644xy — 0.904y, (70)
dz 71
i 0.7y — 0.133z. 1)
Then to obtain the critical point, Egs. (67) to (71) are equal to zero, as below
0.15—-0.1u — 0.675uw = 0, (72)
0.675 uw — 0.03w — 0.544wx = 0, (73)
0.544wx — 0.04x — 0.644xy = 0, (74)
0.644xy — 0.904y = 0. (75)
0.7y — 0.133z = 0. (76)

The equilibrium points of VSEIR model are

(u,w,x,y,z) = (V,S,E,I,R) = (1.11,0,0,0,0) (77)
and

(w,w,x,y,z) = (0.197037037,0.686438318,0,0,0).

The second equilibrium points are (0.197037037,0.686438318,0,0,0),
whereas, other points are not logic for equilibrium points because any negative
point indeed. By using MAPLE, the eigenvalue (1) are investigated; as follow: at
equilibrium point (1.11,0,0,0,0), eigen values 4; = 0.61625,1, = —0.904,1; =
-0.1,4, = —0.14 and As = —0.133. At equilibrium point
(0.197037037,0.686438318,0,0,0) has eigen value, such as A; =
0.233422445,1, = —0.1329999996, 1; = —0.1485765736,1, =
—0.4147692913 and A5 = —0.9040000006.

4.2.4. VSEIR model for stability analysis in North Sumatera Indonesia
Result of VSEIR model in searching the equilibrium point and eigenvalues are

discussed in Table 1. Based on the table, the equilibrium points of VSEIR model
in North Sumatera is saddle points. It indicates that no occurrence of infected
Tuberculosis since there are no infected human when 1.11 human are suspected of
TB. Every human in the population are health and there aren't human that infected
by virus.
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Table (1). Equilibrium points and Stability Analysis

Equilibrium points (V,S,E, I, R) Eigen values Stability analysis
(1.11,0,0,0,0) Real and opposite Saddle point
sign
(0.197037037,0.686438318,0,0,0) | Real and opposite Saddle point
sign

4.2.5. VSEIR Model of tuberculosis in North Sumatera

Several investigations have done for VSEIR model of Tuberculosis in this paper.
This model is suitable for the state of North Sumatera. Some parameters are taken
from annually Health fact [1] and supplement data from previous study by
Momoh et al. [4]. The parameter is known as q =0.11,u; =0.1,u, =
0.133,u; = 0.14, us = 0.133,6; = 0.675, ¢ = 0.544,p = 0.644,5, = 0.7 and
Urg = 0.05. The initial polulation is reported by health department of North
Sumatera [3]. Table 1 show the stability analysis looking from equilibrium and
eigenvalues. From table, all equilibrium points were saddle point. Determining a
breeding rate on VSEIR is important in Epidemiology problem since this rate
shows the infected population will occur in main state. The determination of R,
was proposed by [7]. Ry > 1 implies that endemic steady state is stable and the
infection for a population. Ry < 1 implies that the uninfected steady state is
stable. The other hand, the tuberculosis infects an individual, if Ry > 1, otherwise.

_ %1B — ok
pitz (84 + Hrp) (79)

0

A simulation carried out using MAPLE. Stability analysis tended to
asymptotically stable. Illustration of the dynamics of each epidemic giving in
Figure 1(a) and 1(b). Figure 1a shows the probability of vaccination, susceptible,
exposed, infected and recovery individuals that have Ry, < 1. It shows that North
Sumatra is free disease area of TB. Otherwise, in Figure 1 ( b), Ry > 1, it
indicates North Sumatera is epidemic area of TB.
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(a) dynamic system for Ry < 1 (b) dynamic system for Ry > 1

Figure 8. Transmission of Tuberculosis with initial condition

4.3. Formulation As An Optimal Control Problem of SEIR Model

The epidemiology model is of type SEIR [4] which has four classes. The class, S
represents the susceptible who do not have the disease, E represents the exposed
who are infected but are yet to show any sign of symptoms, / represents the
infective who have the disease and can transmit it to others, R, denotes the
recovered class of those who went through infection and emerge with permanent
or temporary infection-acquired immunity. In this paper, we only consider an
SIER model [1]. We assume that the treatment in rate s, the recruitment due to
immigration in rate y, the slow and fast progression in rate 9, p , respectively was
omitted. The immunity in the class R may not be permanent and the class R
should be followed by the class S of individuals who regain their susceptibility
when temporary immunity ends.

Let S(t) represent the number of susceptible individuals, E(t) represent
exposed individuals, I(t) the number of infective ones and R(t) the number of
recovered ones, all at time. We also denote the total number of individuals by
N,N =S+ E + 1+ R, and in [4] assume that all new births enter the susceptible
class S. Therefore we consider the following dynamics:

S=m—pIS —puS (80)

E = BIS — uE, (81)

[ = DIS + DE — (u + up)I, (82)
R = ¢l —sI — BIR — iR, (83)

Thus, the controlled mathematical model is written as follow

S =m— IS — uS — Su, (84)
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E = BIS — uE — Eu, (85)
[ = DIS + DE — (u + up)I — Iv, (86)

where 7, represents the rate of recruitment of susceptible individuals, SIS,
represents the loss of the number of susceptible individuals that are being infected
by individuals from class I with the parameter f standing for the average number
of adequate contacts ( i.e., contacts sufficient for transmission ) of a person per
unit of time.

The last term of equation (84), Su represents the effect of vaccination, and
it is assumed that vaccination removes the fraction Su of individuals from the
class S and makes them resistent. In equation (85), the E decreased by natural
death of the Eu, and individual class E to class is infectious (I) and increased as a
result of disease transmission SIS, the last term Eu, represents the effect of
vaccination of E. The variabel u is a control that represents the rate at which
susceptible individuals are vaccinated. It takes values in a compact interval,
0 <u < upq In the I, Eq. (86),D, represents detection rate of 7B . The
additional outflow [v is related to the cure of infected individuals due to treatment
and v represents the rate at which infectious individuals are treated at each time
period, the second control in the model with values in the interval 0 < v <<

vmax .

Thus there are two possible mechanisms as controls: immunization of the
susceptible and exposed individuals and treatment of the infected ones. These
actions are modelled by the two controls u dan v that for mathematical reasons
are taken as Lebesque-measurable functions. The action of both controls enriches
the class R of the recovered individuals by removing them from the class of
susceptible and infected ones, respectively. The class R is definedas R =N — [ —
S — E. For the model to be realistic, we need to make sure that all the variables
including R remain positive. The initial numbers of individuals in each of the
populations are positive numbers denoted by

N(0) = Ny, S(0) =S, ,E(0) =E, and 1(0) = I,. (87)
Note that if there are no infected individuals initially,/; = 0, [ remains identically
zero. The model, thus don’t represent the on the set of infection, but only its
course. From biological considerations, a closed set

Q={(S,ELR):0<SO0<EO<ILS+E+I+R<N}
where R*, denote the non-negative cone and its lower dimensional faces. It can be

verified that Q is posively invariant with respect to (1-4). We denote by dQ and Q
the boundary and the interior of Q.
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Let the population sizes of all there classes, Sy, Ey, [, and Ryare given, find the
best strategy in terms of combined efforts of vaccination and treatment that would
minimize the number of people who die from the infection while at the same time
also minimizing the cost vaccination and treatment of the population.

In this paper, we consider the following objective for a fixed terminal time T

T
J(u,v) f aE(t) + bI(t) + cu(t) + dv(t)dt (38)
0

The first term in the objective, aE (t) represents the number of exposed who are
infected but are yet to show any sign of symptoms at time t, bI(t), represents the
number of people who are exposed and infected at time t and are taken as b
measure for the deaths associated with the outbreak. The terms, cu(t) and dv(t)
represent the cost of vaccination and treatment, respectively, and are assumed to
be proportional to the vaccination and treatment rates.

We shall apply methods of geometric optimal control theory to analyze the
relations between optimal vaccination and treatment schedules. These techniques
become more transparent if the problem is formulated as a Mayer —type optimal
control problem : that is , one where we only minimize a penalty term at the
terminal point. Such a structure can easily be achieved at the cost of one more
dimension if the objective is adjoined as an extra variable. Defining
Z =aE + bl + cu + dv, Z(0)=0. (89)
We therefore consider the following optimal control problem. For a fixed terminal

time , minimize the value Z(T) subject to the dynamics

ZS=aE + bl +cu+dv, Z(0)=0, (90)
S=m—BIS —uS — Su s(0)=0, (1)

E = BIS — uE — Eu, E(0) =0, (92)

[ =DIS + DE — (u + up)Il — Iv, 1(0)=0, (93)

Over all Lebesque measurable function
u: [0, T] = [0, Uppax] and  v:[0,T] = [0, Vsl

Introducing the state x = (Z,S,E, I )T | the dynamics of the system is a multiinput
control-affine system of the form

x=f(x)+g1(0u+ g (x)v, (94)
with drift vector field f given by
aE + bl
_ T — LIS — uS
DIS + DE — (u + pup)I (95)

and control vector fields g, and g, given by
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c d

91 —E an gZ(x) 0 (96)

0 -1
We call an admissible control pair (u, v) with corresponding solution x a
controlled trajectory of the system.

4.4. Necessary Conditions For Optimality of SEIR Model
First-order necessary conditions for optimality of a controlled trajectory by

the Pontryagin maximum principle [4,15] : For a row-vector

A= (44,25, 23, 4,) € (R*) , we define the Hamiltonian H = H(A, x,u, v) as the
dot product, (,.,.) of the row vector 1 with the column vector that defines the
dynamics, that is

H=(f(x)+9:(x)u+ g,(x)v)
= A (aE + bl + cu+dv) + A,(mr — LIS — uS — Su) +
A3 (BIS — uE — Eu) o7
+14(DIS + DE — (u + u )l — Iv).
Then, if (u,,v,) is an optimal control defined over the interval [0,T] with

corresponding trajectory x, = (Z,,S.,, E,, 1.)T, there exists an
absolutely continuous co-vector, A: [0, T] » (R*)*, such that following conditions
hold [6]

(a) A satisfies the adjoin equation ( written as row vector and with D and Dg;
denoting the Jacobian matrices of the partial derivatives )

A=—=ADf(x.) + Dg,(x)u, + Dg,(x)v,), (98)
with terminal condition

A(T)z(g, 0, o 0) (99)

(b) for almost every time te[0,T] the optimal controls (u*(t), v, (t)) minimize
the Hamiltonian along (A(t),x.(t)) over the control set [0, Upmayx] X [0, Vimax]
and,

(c) the Hamiltonian is constant along the optimal solution.

We call a pair (x, (u, v)) consisting of admissible controls (u,v) with
corresponding trajectory x for wich there exist multipliers A such that the
conditions of the Maximum Principle are satisfied an external (pair) and the triple
(x, (u,v),A) is an external lift. Note that the dynamics does not depend on the

auxiliary variable Z and thus by the adjoint equation (6) the multiplier A, is

constant; by the terminal condition (20) , it is thus given by A,(t) = E In
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particular, the overall multiplier A(t) is never zero. For almost any time t, the
optimal controls (u* (v), v*(t)) minimize the Hamiltonian H(A(t), x.(t),u,v)
over the compact interval [0, U,,qx] X [0, Vymax). Since H is linear in the controls,
this minimization problem splits into separate one-dimensional problems that can

easily be solved. Defining the so-called switching functions ®; and P, as

1 () = (A(1). 91(x.(8))) = ¢ — A3(6)S.(¢) (100)
and

D, (t) = (A(1). g2 (x. (D)) = d = L, (DL.(D) (101)
It follows that the optimal controls satisfy

_ (0 if &()>0
e (t) B { Umax if 1d)1 <0 and
(0 if ®,(t)>0
O =y i ey <0

The minimum condition alone does determine the controls at times when @, (t) =
0if &;(r) =0, but &,(r) # 0, then the control switches between the value 0
and its maximum value depending on the sign of ®i(z). Controls with this
property are called bang-bang controls and we refer to the constant controls with
values in the endpoints of the control intervals as bang controls. The other
extreme occurs when a switching function vanishes over an open interval. In this
case also derivatives of @;(t) must vanish and this typically allows to compute
such a control. Controls of this kind are called singular [6]. While the name might
give impression that these controls are less important, quite the contrary is true.
Singular controls (if they exist) tend to be either that best (minimizing) or the
worst (maximizing) strategies and in either case they are essential in determining
the structure of optimal controls. This typically needs to be synthesized from bang
and singular controls through an analysis of the switching function. Thus singular
controls generally play a major role in a synthesis of optimal controlled
trajectories and this paper we analyse their existence and local for the problem in
Egs. (90)-(93).

An essential tool in this analysis is the Lie bracket of vector fields which
naturally arises in the formulas for the derivatives of the switching function. Give
two differentiable vector fields f dan g defined on a common open subset of R",
their Lie bracket can be defined as

[f,91(x) = Dg(x)f (x) — Df (x)g(x) (102)

The Lie-bracket is anti-commutative, i.e.,[f, g] = —[g, f1, and for arbitrary vector
fields f, g and h it satisfies the Jacobi identity [5]

28



[£. g, h1] + [g. [0 F1] + [0 [f.9]] = O (103)

The following result provides an elegant and important framework for efficient
computations of the derivatives of the switching functions. It is easily verified by
a direct computation.

4.5. The Structure Of Singular Controls of SEIR Model
We investigate the existence and local optimality of singular controls for the

system in Eqs (90)-(93). By Propositions 4 in Eq. (32)-(33) the derivatives of the
switching functions ®,(t) = (/’I(t),gl(x(t))) and ®,(t) = (A(t), g2 (x(t))) are
given by

B, () = (AWD, [f + g1 + gov, 11x(©) (104)

B, (£) = (AL, [f + g1 + gov, g51x(D)) (105)
By anti-commutative of the Lie bracket [g;,g;] = 0 and a simple computation

verifies that the control vector fields g; and g, commute, i.e., [g;,92] =0 as
well. We thus have that

(1) = (A®), [f,011(x,(®))  and D, (1) = (A0, [f, g21(x, (D))

Elementary calculations verify that

ak
[fl gl](x) = —077.' and [f} gZ](x) =
DIS + DE
bl
—BIS
BIS
—DE

We first analyse the control, i.e., vaccinations schedules. Applying Propositions 2
once more to P, , it follows that

d, (t) = (A1), [f + giu+ g, lf, 91]](x(t))) (106)

A direct calculation shows that g, and [f, g;] commute as well, [go, [f, g1]] =

0
0 , and that

ED
—akE

[gll [f'gl]](x) = —07T

—DSI — DE

The relation
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&, = -1, ()aE(t) — A,()m(t) + A, (6)(DSI + DE)(t) = 0 (107)
Implies that

(A0, [91, [f, 1] (x(0)) = =22,()(DSI + DE)(¢)
And &,(t) = c—A3(t)S(t) = 0 gives that A3(t) must be positive along a
singular are. Hence we have that

(A, |91, [f, 921](x(©))) = =22, ()(DSI + DE)(t) < 0

Singular controls of this type, i.e., for which (A(t), [gl, [f, gl]](x(t))) does not
vanish, are said to be of order 1 and it is a second-order necessary condition for
minimallity, the so-called Legendre-Clebsh condition, that this quantity be

negative [9] . Thus for this model singular controls wu are locally optimal.
0
0

Furthermore, in this case, we taking into account that [gz, [f, gl]] = N we

DE
can compute the singular control as

O ATENIEO) (108)
A0, [g01f, 9] (x©)])

usin(t) =

Here,

af1S — auE — bDIS — bDE
—nfl — u + nfS%DI + wSSDE

£, [f, g11] () = 2Bl — BSZDI — BSDE (109)
2DI — DI2BS — DIuS + DBIS + py
Since (A(t), [f, gl](x(t))) = 0, it follows from (31) that
Hsin(£) = = 53 [ ~22(aBIS + bDIS + bDE) + () (Ao = A5) — i - o

2 (220) ],

2).2 s

where, Y (t) = BImr — nBS?DI — nSSDE. Therefore, we obtain the following
result

Proposition 5. A singular control u is of order 1 and satisfies the Legendre-
Clebsch condition for minimality. The singular control is given as a function
depending both on the state and the multiplier in the form
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1
T [_,12 (aBIS + bDIS + bDE) + Y(t)(A; — A3) —

Ay (u+ uT> ]
- DE
2, ( s

Usin ) =-

where Y(t) = BIr — n3S*DI — tBSDE.

For treatment control, we define the switching function as
D,(t) = (A1), g2 (x (D)) (111)
By using proposition 2, the first derivative of Eq. 34 we have
B2(8) = AO, [f, g21() () = A4bI = ,BIS + 25p1S = 2,0E  (112)
As we know, to check the optimally Eq 111, Eq. 112 will be zero, we have
A@®), [f, g21(x)(t)) = A, bI — A,BIS + A3BIS — A,DE = 0. (113)
Hence, we have
®, = (A1, [f 921
= —A,(blu — bDIS — 2bDE + aflIS)
— A, (BS?DI + BSDE + B%I?S — nSSDE)
+ A3(mBI — uPIS + BS*DI + 2BSDE)
— A,(2DBIS — DI?BS — D?ES + 2DEu;) <0
It also shows a second-order necessary condition for minimallity, the so-called
Legendre-Clebsh condition, that this quantity be negative [9] . Thus for this
model singular controls wu are locally optimal. Furthermore, in this case,and
taking

_ QW[ If, g1l (x(®))
(A), [92,1f, g21] (x(®)) (114)

Usin (t) =

Here, we have

(A £, [f, g2]) = —A,(blu — bluy — bDIS — 2bDE + aBIS) — A,(BS2DI +
prBIS + BSDE + B212S — mBSDE) + A5(nBI — uBIS + BS2DI — urBIS +

2BSDE) — 14(2DPIS — DI*BS — D?ES — DEpr)  and  (2(ga2(f.92))) =

_Albl - A4DE
we can compute the singular control as

vsin() = g p (abPIS + 241bDE — Aublk = A blus

— AyaBlS — A,882DI — 1,BSDE + 1,881y — A, B%1%S

+ A,iBSDE + APl — ApuPIS + A385%DI + 2A,8SDE - (115)
+ A3BSIur — 24,DBIS + 2,DI?BS + A,D?ES

— A4DEpr)

Therefore, we obtain the following result:

Proposition 6. The control v is singular.
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4.6. FORMULATION AS AN OPTIMAL CONTROL PROBLEM OF
VSIR MODEL

Our aim is to solve the following problem: firstly, we define the given initial
population sizes of all four classes, V, S, I, and R. Find the best strategy in terms
of combined efforts of vaccination and treatment that would minimize the
number of people who die from the infection while at the same time, also
minimizing the cost of vaccination and treatment of the population. For
tuberculosis since the immunity is waning so the immunity is not permanent, and
in this paper we splited the model of vaccinated control becomes ¢; and c,,
where ¢; and ¢, denote as cost for vaccinated child and adult ones, respectively
for a fixed terminal time T, we consider the following objective:

T (116)
J(u,v) = f aV(t) + bI(t) + (c; + c)u(t) + dv(t)dt

0

The first term in the objective, al/(?), represent infants individual with passive
immunity at time t, al(t), represents the number of people who are infected at
time ¢ and is taken as a measure for the deaths associated with the outbreak. The
terms, (¢; + ¢cy)u(t) and dv(t) represent the cost of vaccination and treatment,
respectively. For a fixed terminal time T, minimize the value Z(T)subject to the
dynamics, similar to [3].

Z=aV +bl+ (c; +c,)u+dv Z(0)=0 (117)

V=Q—-(u+86V-Vu V() =0 (118)
S=6V—(u+pDS+6S—Su S(0)=0 (119
I=BSI—(u+ phy, + ) —Iv 10)=0 (120

Over all Lebesgue measurable functions
u:[0,T] = [0, Upax] and v: [0, T] = [0, Viax]

Introducing the state x = (Z,V,S,1)T, the dynamics of the system is a multi input
control-affine system of the form

x = f(x) + g1 (u+ g (x)v
With drift vector field f given by

aV + bl
_ Q—(+oV
F& =\ sv = u+pns +os

BIS — (p + pm + P)I

and control vector fields g; and g, given by
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L+ ¢ d

-V 0

g1(0)=| _g |adg(x)={ g
0 -1

We call an admisisible control pair (u,v) with corresponding solution x a
controlled trajectory of the system.

4.7 NECESSARY CONDITIONS FOR OPTIMALITY OF VSIR
MODEL
Let a first order necessary conditions for optimality of a controlled trajectory

are given by Pontryagin maximum principle and let a row vector A=
(A1, 25, A3, 2,)e(R*)*, we defined the Hamiltonian H = H(A, x,u, v) as the dot
product, (,.,.), of the row vector A with the column vector that defines the
dynamics, as necesssary conditions for optimality given by the Pontryagin
maximum principle [2,6], that is

H = {4 f(x) + g1(x)u + g,(x)v)

=04@V +bl+ (c; +c)u+dv) +2,(Q —(w+ OV —-V,)+A;(6V +
0S — (u+ 1S —S,) + A,(BIS) -(u+ um + Y — Iv)

Then, if (u,,v,) is an optimal control defined over the interval [0,T] with
corresponding trajectory x, = (Z,, V*,S*,I*)T, there exists an absolutely
continuous co-vector, A: [0, T] = (R*)* such that the following conditions hold:

(a) A satisfies the adjoint equations (written as a row vector and Df and Dg;
denoting the Jacobian matrices of the partial derivatives)

A= -2 (Df{x+) + Dg;(xsus + Dgs(xs)v+) (121)

With terminal condition

Q 6Q 0’0) (122)

= (s e

(b) for almost every time te[0, T] the optimal controls (u,(t), v.(t)) minimize
the hamiltonian along (A(t),x,,(t)) over the control set
[O’ umax]x[of vmax] and

(c) the Hamiltonian is constant along the optimal solution.

We call a pair (x, (u, v)) consisting of admissible controls (u,v) with
corresponding trajectory x for which there exist multipliers 4 such that the
conditions of the maximum Principle are satisfied an extremal (pair) and the triple
(x, (u,v), A) is an extremal lift (to the cotangent bundle).
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Note that the dynamics does not depend on the auxiliary variable Z and thus by
the adjoint equation (9) the multiplier A; is constant; by the terminal condition

(10) it is thus given by A,(t) = %. In particular, the overall multiplier A(t) is

never zero. For almost any time t, the optimal controls (u,(t), v,(t)) minimize
the  Hamiltonian  H(A(t), x.(t),u,v) over the compact interval
[0, Umax]X[0, Vimax]. Since H is linear in the controls, this minimization problem
splits into two separate one-dimensional problems that can easily be solved.
Defining the so-called switching functions ®; and @, like in [7] as

D, (1) = A1), 81(x. (D)) = (1 + ¢2) = A (OVL(E) = A3(DS.(D)

and

P, (1) = (A1), 82 (x.(D)) = d = A, (DL(V)

it follows that the optimal controls satisfy

0 if ®,(t) >0
Umax if (Dl(t) <0

0 ifd.()>0

w( = | Vmax if D1(0) < O°

and v,(t) = {

The minimum condition alone does not determine the control at times when
®;(t) = 0. If ®;(t) # 0, then the control switches between the value 0 and its
maximum value depending on the sign of ®;(7). Controls with this property are
called bang-bang controls and we refer to the constant controls with values in the
andpoints of the control intervals as bang controls. The other extreme occurs
when a switching function vanishes over an open interval. In this case all
derivatives of ®;(t) must vanish and this typically allows to compute such a
control. Controls of this kind are called singular [9]. While the name (which has
historical reasons) might give the impression that these controls are less
important, quite the contrary is true. According Singular controls (if they exist)
tend to be either the best (minimizing) or the worst (maximizing) strategies and in
either case they are essential in determining the structure of optimal controls.
These typically then need to be synthesized from bang and singular controls
through an analysis of the switching function. Thus singular controls generally
play a major role in a synthesis of optimal controlled trajectories and in this paper
we analyze their existence and loocal optimality for the problem in (117) - (120).
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An essential tool in this analysis is the Lie bracket of vector fields which
naturally arises in the formulas for the derivatives of the switching function.
Given two differentiable vector fields f and g defined on a common open subset
of R", their Lie bracket can be defined as

[f,9](x) = Dg(x)f (x) — Df (x)g(x)

The Lie-bracket is anti-commutative, i.e., [f, g] = —[g, f], and for arbitary vector
fields f, g and h it satisfies the Jacobi identity[8]
[f. g, k1] + [9.[h, f1] + [h, [f, 911 = O (123)

The following result provides an important framework for efficient computations
of the derivatives of the switching functions. It is easily verified by a direct
computation.

4.8 THE STRUCTURE OF SINGULAR CONTROLS OF VSIR
MODEL

Now, we start by investigating the existence and local optimality of singular
controls for the system in (117) - (120). By proposition 4 the derivatives of the
switching functions @, (t) = (A(t), g1 (x(t))) and D, (t) = (A(t), g, (x(t))) are
given by

¢, () = (A, [f + g1u + g2, 1]1(x(D)))
D, (8) = (A(0), [f + gru + g2v, g2](x(1)))

By anti-commutativity of the Lie bracket [g;, g;] = 0 and a simple computation
verifies that the control vector fields g, and g, commute, i.e., [g1,g2] =0 as
well. We thus have that

®1(6) = (A, [f, 921 (x())) and D, (t) = (A(L), [f, 921 (x()))

Elementary calculations verify that
aVv

.00 = |

BSI
and

bl

| o
oG =| _pg,
0

We first analyze the control u, i.e., vaccination schedules. Applying
Proposition 2 once more to @, it follows that
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and

—al/
92,1 g0l =
—BSI
The switching function of (13) is
b, (1) = A, (D)av(t) — 1,(0)Q + A, () BS(®)I(L). (126)

Implies that
(A, [g1, [f, g1 (x(1))) = =(24,(D)aV (&) + 244()BSDI (1)) (127)

and @, (t) = (c1 + ¢3) — A, (Vi (t) — A3(£)S.(t) = 0 gives that A,(t) and A5(t)
must be positive along a singular arc. Hence we have that

(A, |90, [f, g:1] (x(1))) = =(24,(O)aV (£) + 244(O)BSDI(L)) < 0.

Singular controls of this type , i.e., for which (A(t), [gl, [f, gl]](x(t))) does not
vanish, are said to be of order 1 and it is a second-order necessary condition for
minimality, the are so called legendre-Clebsch condition, that this quantity be
negative [9]. Thus for this model singular controls u are locally optimal.
Furthermore, we can compute the singular control as

<A(t)r [glr [f' gl]](x(t))>

Usin ) =

To evaluate the vector fields, this equation can be simplified. A direct, but
some what lengthy computation shows

2aQ — aVu — adV — bBSI \
~(u+6
oo )

BISV — uBIS + 6BIS + B2I2S

and

A, [, If, 921 x (©))
= (0 ((a(2Q — wV (©) = 8V(©) ~ bES (DI (D))

— L) (u+6)Q
+ 25()(8Q + B2S*(DI(8)) (129)
+ A, (BI@®)S(£)(0 + BI(£)S(8) — ) + BSI(D)V (B))

we can write
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[f’ [f, 91]](95) = ulf, g11(x) + g [91: [f, 91]] + w(x),

where

w(x) = 4,(2aQ — adV — bBIS) + 15(8Q + B2S2I)
+ A, (8BIV — B2I2S + BISH).

Since (A(t), [f, g11(x(t))) = 0, it follows from (16) that

@) = 16+1 w(x)
Usinlt) = =50 T o 0aV + ,BIS

w(x)

and we obtain the
22,0

Once more using (14), we simplified the second term to

following result:

Proposition 7. A singular control u is of order 1 and satisfied the Legendre-
Clebsch condition for minimality. The singular control is given as a function
depending both on the state and the multiplier in the form

0= 15 5)

Based on the structure of singular control we apply the same way to analysis
treatment control (v). Let switching function @, give

D, (t) = (A(t), 92 (x(6)))
The first derivative of @, is
@, (1) = (A, [f + g1u + g2v, g21(x(1)))

and the second derivative is given by

®,(t) = (A(0), [f, +g1u + g1, [f, 921] (x(1))).
Furthermore, a direct calculation verifies that

—bl

921,020 = | g6 | = ~17 0210
0

Since g,and [f,g;] commute, it follows from the Jacobi identity that
[90,1f, 921] = |92, [f. 1] = 0.
we found (A(t), [f, g2](x(t))) = 0 and thus also

<A(t)’ [gZ’ [f' gZ]](x(t))) =0
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and [f, f, g,] and [gz, Lf, gz]] = 0. Thus there is no singular on V, we obtain the
following result

Proposition 8. The control v cannot be singular.

4.9 FORMULATION AS AN OPTIMAL CONTROL PROBLEM OF
VSEIR MODEL

Let the population sizes of all there classes, Sy, Ey, [ and Ryare given, find the

best strategy in terms of combined efforts of vaccination and treatment that would

minimize the number of people who die from the infection while at the same time

also minimizing the cost vaccination and treatment of the population.

In this paper, we consider the following objective for a fixed terminal time T':

T

Ju,v) = f a;V + a,I(t) + (az + c3)u(t) + a,v(t)dt (130)
0

The first term in the objective, aE (t) represents the number of exposed who are
infected but are yet to show any sign of symptoms at time t, bI(t), represents the
number of people who are exposed and infected at time t and are taken as a,
measure for the deaths associated with the outbreak. The terms, (a3 + c3)u(t)
and a,v(t) represent the cost of vaccination and treatment, respectively, and are
assumed to be proportional to the vaccination and treatment rates.

We shall apply methods of geometric optimal control theory to analyse the
relations between optimal vaccination and treatment schedules. These techniques
become more transparent if the problem is formulated as a Mayer —type optimal
control problem : that is , one where we only minimize a penalty term at the
terminal point. Such a structure can easily be achieved at the cost of one more

dimension if the objective is adjoined as an extra variable. Defining
Z=a,V+ay + (as+ c3)u+ auv, Z(0)=0. (132)

We therefore consider the following optimal control problem. For a fixed terminal

time, minimize the value Z(T) subject to the dynamics
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Z=a,V+ay + (az + c3)u + a,v, Z(0) =0, (133)

V=qN—uV—5VS—Vu, v(©)=0, (134)
S =6,VS —u,S —68,IS — Su, 5(0) =0, (135)
E = aS — u3E — pl — Eu, E) =0, (136)

I = pIE — BI —Iv, 1(0) =0, (137)

where f = p, + prg + 84. Over all Lebesque measurable function
w:[0,T] = [0, upmax] and  v:[0,T] = [0, Vypay]

Introducing the state x = (Z,V,S,E, DT | the dynamics of the system is a

multiinput control-affine system of the form

x = f(x) + g1(Du + g2 (x)v, (138)
with drift vector field f given by
aV +a,l
Ng — u,V —6,SV

f(x) =| —uS + 8,;SV — aSE |,
—pi3E + aSE — pIE/

plE — BI

(139)
and control vector fields g, and g, given by
as + C3 Ay
-V 0
g1 = ) and gz(x) = 0 .
—E 0 (140)
0 -1

We call an admissible control pair (u,v) with corresponding solution x a

controlled trajectory of the system.

4.10 NECESSARY CONDITIONS FOR OPTIMALITY OF VSEIR MODEL

First-order necessary conditions for optimality of a controlled trajectory by
the  Pontryagin  maximum  principle [4,15] : For a row-vector
A= (1,15, 23, 1,) € (RY) , we define the Hamiltonian H = H(A,x,u,v) as the
dot product, (,.,.) of the row vector 4 with the column vector that defines the

dynamics, that is
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H=(4 f(x) + g:(x)u + g2(x)v)
= M(aV+ay]l + (a3 + c3)u+asv) + 1,(Nqg — u V — 6,5V —
V) + A3(—uyS + 6,SV — aSE — S) + A,(—u3E + aSE — plE — E) + (141)
As(pIE — BI — Iv).

Then, if (u,,v,) is an optimal control defined over the interval [0,T] with
corresponding trajectory x, = (Z,,S,,E,, 1,)T, there exists an
absolutely continuous co-vector, A: [0, T] = (R*)*, such that following conditions
hold [6]

(a) A satisfies the adjoin equation ( written as row vector and with D and Dy;

denoting the Jacobian matrices of the partial derivatives )

A=—-A(Df(x,) + Dg;(x)u, + Dg,(x)v,), (142)
with terminal condition
A(T) = (i, 0, 0, 0) (143)
U

(b) for almost every time te[0,T] the optimal controls (u*(t), v, (t)) minimize
the Hamiltonian along (A(t),x.(t)) over the control set [0, Upmayx] X [0, Vimax]

and,

(c) the Hamiltonian is constant along the optimal solution.

We call a pair (x, (u, v)) consisting of admissible controls (u,v) with
corresponding trajectory x for wich there exist multipliers A such that the
conditions of the Maximum Principle are satisfied an external (pair) and the triple
(x, (u,v), 1) is an external lift. Note that the dynamics does not depend on the
auxiliary variable Z and thus by the adjoint equation (6) the multiplier 4; is

constant; by the terminal condition (20) , it is thus given by A,(t) = g In

particular, the overall multiplier A(t) is never zero. For almost any time t, the
optimal controls (u*(t),v*(t)) minimize the Hamiltonian H(A(t), x.(t),u, v)
over the compact interval [0, Ungx] X [0, Vimax]. Since H is linear in the controls,
this minimization problem splits into separate one-dimensional problems that can

easily be solved. Defining the so-called switching functions ®; and @, as
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@, () = (A(0). g1 (x. (1)) = ¢ — A3()S.(1) (144)

and

D, () = (A(D). g2 (x. (1)) = d — 2, (DL.() (145)

It follows that the optimal controls satisfy

(0 if ®,(t)>0

”*(t)‘{umax if <0 and
(0 if ®,(t)>0

v@={, e <o

The minimum condition alone does determine the controls at times when
®,(t) =0 if @D,(r) =0, but ®,(7) # 0, then the control switches between
the value 0 and its maximum value depending on the sign of ®1(7). Controls with
this property are called bang-bang controls and we refer to the constant controls
with values in the endpoints of the control intervals as bang controls. The other
extreme occurs when a switching function vanishes over an open interval. In this
case also derivatives of @;(t) must vanish and this typically allows to compute
such a control. Controls of this kind are called singular [6]. While the name might
give impression that these controls are less important, quite the contrary is true.
Singular controls (if they exist) tend to be either that best (minimizing) or the
worst (maximizing) strategies and in either case they are essential in determining
the structure of optimal controls. This typically needs to be synthesized from bang
and singular controls through an analysis of the switching function. Thus singular
controls generally play a major role in a synthesis of optimal controlled
trajectories and this paper we analyse their existence and local for the problem in
Egs. (118)-(122).
An essential tool in this analysis is the Lie bracket of vector fields which
naturally arises in the formulas for the derivatives of the switching function. Give
two differentiable vector fields f dan g defined on a common open subset of R",

their Lie bracket can be defined as

[f,91(x) = Dg(x)f (x) — Df (x)g(x) (146)
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The Lie-bracket is anti-commutative, i.e.,[f, g] = —[g, f], and for arbitrary vector
fields f, g and h it satisfies the Jacobi identity [5]

[f. 19, 1] + [g, [h. f1] + [n [f. )] = O (147)
The following result provides an elegant and important framework for efficient
computations of the derivatives of the switching functions. It is easily verified by

a direct computation.

4.11 THE STRUCTURE OF SINGULAR CONTROLS OF VSEIR MODEL
We investigate the existence and local optimality of singular controls for the

system in Eqs (118)-(122). By Propositions 4 the derivatives of the switching

functions &4 (t) = (A(t), 91 (x(t))) and @, (t) = (A(t), g, (x(t))) are given by
B1(8) = (A(0), [f + g1 + gav, 2] (D)) (147)
B(8) = (A, [f + g + g2v, 9 ]x(0)) (148)

By anti-commutative of the Lie bracket [g;,g;] = 0 and a simple computation

verifies that the control vector fields g; and g, commute, i.c., [g;,92] =0 as

well. We thus have that

@, () = (A, [f,9:1(x, ®))  and  B,(O) = (A0, [f, 921 (%, ().

Elementary calculations verify that

a,V
/—61SV — qN\
[f,9:1]1(x) = k&SV - aES) and [f, 921(x) =

aES
plE

[

i)

We first analyse the control, i.e., vaccinations schedules. Applying Propositions 2

once more to P, , it follows that

@, (1) = (A0, [f + gau + g2v. [f, 91 1] (x(©)) (149)
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A direct calculation shows that g, and [f,g;] commute as well, [g,, [f, g1]] =
(o)
0
[ 0 |, and that
o
0

5,5V — qN

[92. [f, g11] () = | aES - 511/5).
—aES
—plE

The relation
D, = -0 (V) — 2,(£)(61SV + qN) + A3(t)(6,SV — aES) +
A,(t)(aES) + A5(pIE) =0
A4 (O (aES) + 25(pIE)
=1 {®)(a1V) + 1,(t)(6,SV + gN) (150)
+ A3(t)(—81SV + aES)
Implies that
A, [91, [, g]] (x(D)) = =224 (8) (a1V) — 22,(8,5V)
And D, (t) =4 ()(az+c3) — A, @)V —A3(OE — 2,(t)I =0  gives that
A3(t) must be positive along a singular are. Hence we have that
A, [g1, [f, 911])(x(D))) = =22, (£) (a1 V) — 22,(8,SV) < O
Singular controls of this type, i.e., for which (A(t), [gl, [f, gl]](x(t))) does not
vanish, are said to be of order 1 and it is a second-order necessary condition for
minimality, the so-called Legendre-Clebsh condition, that this quantity be
negative [9] . Thus for this model singular controls u are locally optimal.

Furthermore, in this case, we taking into account that [gl, Lf, gl]] =

/615V qN\

aES — 6;VS |, we can compute the singular control as
—aES
—plE
(@, [f.If, 1] (x®)) (151)
(A(), [91' [f, 91](x(t))])

Usin (t) = -
Here,
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—aypEl + 2a.qN — apu,V
—26:qNS + pu6,SV — u1gN
[f.[f, 911](x) = | @pESI + ausSE + 2NSq6, — ul(SlSV) (152)
p2E?I — au,ES
—p*I?E — pspEl

then

Ai[—azpEl + 2a,qN — a i, V] + A;[—26,qNS + pup6,SV — p1qN]

HUsin ) =

As[apESI + ausSE + 2NSqS; — 116,.SV] + Au[p?E?I — au,ES| — A5[p?I12E + p.

Therefore, we obtain the following result

Proposition 9. A singular control u is of order 1 and satisfies the Legendre-
Clebsch condition for minimality. The singular control is given as a function
depending both on the state and the multiplier in the form
_ Ai[—azpEl + 2a,qN — aipu, V] + A;[—26,qNS + pp6,SV — p1qN]
Ml—a V] + A,[6.SV — qN] + A3[@ES — 6,VS]| — A4[aES]| — As[plE]
As[apESI + apsSE + 2NSq8; — 116,:SV] + A4[p?E?I — au, ES] — A5[p?12E + uspEl]
Ml—a V] + A,[6,SV — qN] + A3[@ES — 6,VS]| — A4[aES] — As[plE]

For treatment control, we define the switching function as

tsin(t) =

D, (t) = (A(t), 92 (x(t))) = a,IA, — plEA, (154)
By using proposition 2, the first derivative of Eq. 34 we have
B, (1) = (A, [f, g2l () () = axl Ay — plA, (155)
As we know, to check the optimally Eq 34, Eq. 35 will be zero, we have
A, [f, g21(x)(£)) = azlA; — plA, = 0. (156)

Hence, we have

®, = (4, 92[f,9.D) =0
It also shows a second-order necessary condition for minimallity, the so-called
Legendre-Clebsh condition, that this quantity be negative [9] . Thus for this
model singular controls v are not locally optimal. Therefore, we obtain the
following result:

Proposition 10. The control v is not singular.
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CHAPTER V
CONCLUSION

This research has consider VSEIR model of Tuberculosis having infectious in
latent, infected, vaccination and immune period. VSEIR models have been
constructed for the disease tuberculosis (TB) in northern Sumatra. The breeding
rate is derived. If Ry < 1 the free equilibrium is stable, so that the disease is
always dies out. Whereas, if Ry > 1, the disease free equilibrium become
unstable in North Sumatera. Stability analysis has been performed to determine
that the northern Sumatran still within safe levels. To control vaccine and
treatment schedule, the singularity is analysed using the properties of the optimal
singular control. The singularity properties have proven to Vaccination
Susceptible Infected and Recovery (VSIR), Susceptible Exposed Infected and
Recovery (SEIR) model and also to Vaccination Susceptible Exposed Infected
and Recovery (VSEIR) model of Tuberculosis disease. From the result, we found
that, the vaccination schedule of VSIR, SEIR and VSEIR, respectively models are
controlled, whereas the only the treatment schedule of SEIR model in Northern
Sumatera is controlled, otherwise. By proving the singularity of the other model,
the optimal control of the models for vaccine and treatment schedule can be

determined.

45



10.

11.

12.

13.

14.

15.

16.

REFERENCES

. Antara, Dinkes Medan Capai Target Imunisasi 80  Persen,

http://www.antarasumut.com/dinkes-medan-capai-target-imunisasi-80-persen/.
3 June 2014(date access)

. H. Waleer, A. Geser and S. Andersen, The use of mathematical models in the

study of epidemiology tuberculosis, American J. Public Health. 1962; 52: pp.
1002-1013.

. W. Astuti, Medan terbesar penderita TB Paru,

http://www.starberita.com/index.php?option=com_content&view=article&id=8
7396:80-imunisasi-tepat-sasaran&catid=37:medan&Itemid=457, 20 June 2014
(date access)

. A.A. Momoh, James, J. Yakoko, A. Tahir and Y.B. Chukkol, Spatiotemperal

dynamic of Tuberculosis disease and vaccination impact in north Senatorial
zone taraba state Nigeria. [OSR J. Math, 2011; 3(3): pp. 14-23.

. G. Li and Z. Jin, Global stability of s SEIR epidemic model with infectious

force in latent , infected and immune period, Chaos, Siliton, Fractal, 2005; 25:
pp. 1178-1184.

. S. Side and M.S.M. Noorani, SIR model for spread of dengue fever disease

(Simulation four South Sulawesi, Indonesia and Selangor, Malaysia). World J.
Model. Simulat. 2013; 2: pp. 96-105.

. J. Murray, Mathematical biology. 1, An Introduction, New York, Springer-

Verlag, 2001

. A. Konstantinus. Testing for Tuberculosis. Australian Prescribes. 33(1); 2010:

pp. 12-18

. Antara, Dinkes Medan Capai Target Imunisasi 80  Persen,

http://www.antarasumut.com/dinkes-medan-capai-target-imunisasi-80-
persen/. 3 June 2014 (date access)

A.A. Momoh, et. al., Spatiotemporal Dynamics of Tuberculosis Disease and
Vaccination Impact in North Senatorial Zone Taraba State Nigeria, Nigeria:
1OSR Journal of Mathematics (IOSR-JM), 2012, pp. 14-23.

C. Ozcaglar, A. Shabbeer, S.L. Vanderberg, B. Yener, K.P. Bennett,
Epidemiological models of Mycobacterium tuberculosis complex infections.
Math. Biosci. 236 (2); 2010: pp. 77-96

L.S. Pontryagin, V.G. Bpltyanskiii, R.V. Gamkrelidze and E.F. Mishchenko,
The mathematical Theory of Optimal Processes, MacMillan, New Yoork,
1964.

U. Ledzewicz and H. Schattler, Optimal bang-bang control for a two-
compartment model in cancer Chemotherapy. J Optimization Theory Appl.
114 (3); 2002: pp. 608-637.

G. Li and Z. Jin, Global stability of s SEIR epidemic model with infectious
force in latent , infected and immune period, Chaos, Siliton, Fractal, 2005; 25:
pp. 1178-1184.

U. Ledzewicz and H. Schattler, On Optimal Singular Controls For A General
SIR-Model With Vaccination and Treatment, USA: Discrete Continuous Dyn.
Sys., 2011, pp. 981-990.

B. Bonnard and M. Chyba, Singular Trajectories and their Role in Control
Theory, springer Verlag, Paris, 2003.

46


http://www.antarasumut.com/dinkes-medan-capai-target-imunisasi-80-persen/
http://www.starberita.com/index.php?option=com_content&view=article&id=87396:80-imunisasi-tepat-sasaran&catid=37:medan&Itemid=457
http://www.starberita.com/index.php?option=com_content&view=article&id=87396:80-imunisasi-tepat-sasaran&catid=37:medan&Itemid=457
http://www.antarasumut.com/dinkes-medan-capai-target-imunisasi-80-persen/
http://www.antarasumut.com/dinkes-medan-capai-target-imunisasi-80-persen/

17.w. Judarwanto, Penyakit Tuberkulosis atau TBC,

18.

19.

20.

21.

http://koranindonesiasehat.wordpress.com/2009/12/17/penyakit-tuberkulosis-atau-
tbc/ access date: 3th June 2014

S. Bowong, Optimal control of the transmission dynamics of tuberculosis, Nonlinear
Dynamics. 61(4); 2010: pp. 729-748

Y. Yang, X. Song, Y. Wang, G. Luo, Optimal Control Strategies of a Tuberculosis
Model with Exogenous Reinfection, Intelligent Computing Technology Lecture
Notes in Computer Science. 7389; 2012: pp. 244-251

U. Ledzewics and H. Schattler, Optimal bang-bang controls for a 2-compartment
model in cancer chemotherapy J. of Optimization Theory and Applications, 114,
(2002), 609-637.

B. Bonnard and M. Chyba, Singular Trajectories and their Role in Control Theory,
springer Verlag, Paris, 2003.

47


http://koranindonesiasehat.wordpress.com/2009/12/17/penyakit-tuberkulosis-atau-tbc/
http://koranindonesiasehat.wordpress.com/2009/12/17/penyakit-tuberkulosis-atau-tbc/
http://link.springer.com/journal/11071
http://link.springer.com/journal/11071
http://link.springer.com/book/10.1007/978-3-642-31588-6
http://link.springer.com/bookseries/558
http://link.springer.com/bookseries/558

Appendix

Appendix 1: Yulita’s Certificate

48




Appendix 2: Marlina’s Certificate

49




Appendix 3: The Outcomes of articles that have been submitted to AIP
Proceeding:
Yulita Molliq Rangkuti, Marlina Setia Sinaga, The analysis of Optimal Singular Controls
for SEIR Model of Tuberculosis with Vaccination and Treatment
APPROXIMATE SOLUTION OF VACCINATION, SUSCEPTIBLE,
EXPOSED, INFECTED, RECOVERED (VSEIR) MODEL OF
TUBERCULOSIS IN NORTH SUMATERA INDONESIA

Yulita Molliq Rangkuti*

Department of Mathematics, Faculty of Mathematics and Natural Science, Universitas Negari
Medan, UNIMED, 20221, Medan, North Sumatera, Indonesia
*yulitamolliq@yahoo.com
Marlina Setia Sinaga
Department of Mathematics, Faculty of Mathematics and Natural Science, Universitas Negari
Medan, UNIMED, 20221, Medan, North Sumatera, Indonesia
lin_2508 @yahoo.co.id

Abstract—In this paper, a vaccination susceptible exposed infected recovered (VSEIR) model of
dengue fever disease in North Sumatera is discussed. The VSEIR model is formed by a system of
nonlinear differential equation. The approximate solution of this model is obtained using step
variational iteration method (SVIM) and variational iteration method (VIM). VIM used the general
Lagrange multiplier in the correction functional running iteratively. Whereas, SVIM also used the
general Lagrange multipliers for construction of the correction functional for the problems, and runs
by step approach, which is computed to divide the interval into subintervals with time step. The
two methods are the alternative methods to obtain the approximate solutions of the VSEIR model.
Additional, comparison is made against the conventional numerical method, fourth Runge-Kutta
method (RK4). From the result, SVIM solution is more accurate than VIM solution for long time
interval when it compared to fourth order Runge-Kutta (RK4).

Keyword: VSEIR model, General Lagrange Multiplier, Variational Iteration Method, Step Variational
Iteration Method, The Fourth Order Runge Kutta

I. INTRODUCTION

Tuberculosis (TB) acquired through airborne infection and, most commonly affects the lungs.
TB is a bacterial disease caused by Mycobacterium Tuberculosis, which transmitted through
contaminated air that is released during coughing TB patients. TB disease can affect anyone and
anywhere, and generally in children the source of infection is derived from adult TB patients [1].
TB infection can infect virtually all body because the bacteria can spread through the blood
vessels or lymph nodes. Although the organs most commonly affected are the lungs, but in people
with a low immune system can infect the lungs, brain, kidneys, gastrointestinal tract, bone, lymph
nodes, etc [1].

TB is a one public health problem in the world despite the efforts to control the DOTS
strategy has been implemented in many countries since 1995. In a WHO report of 2013, there were
an estimated 8.6 million TB cases in 2012 where 1.1 million people (13%) of them are in the
African region. There are 450,000 people suffering TBMDR and 170,000 of them dead [2]. In
North Sumatera, in 2012, around 82.67 % of BTA + (infected) for 17,459 patients and around
83.34 % from the total patients of TB can be cured. To see the development of trans- mission of
Tuberculosis the dynamics, Rangkuti et al. [5] have built a new model. The VSEIR model is divided
into five classes. The class V' represents vaccination, S represents the susceptible that do not have
the disease, E represents the exposed that are infected but is yet to show any sign of symptoms, 7
represents the infective that have the disease and can transmit it to others, R, denotes the
recovered class of those who went through infection and emerge with permanent or temporary
infection-acquired immunity. The VSEIR model is described by the following dynamic system:

V= qgN -6VS—uV, (1)
S = 6,VS—pu,S — akES, (2)
E = aES — u3E — pEI, 3)

I =pEI - BI, (4)
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R = 6,0 —yR, (5)
where 8 = pu, + prg + 6,. Here, the human birth in natural through passive vaccination
(V (t)) at rate p, nonnegative parameters p,, U,, U3, Uy and Yy denote as natural death of
population of the V,the S, the E, the I and the R, respectively. Population of infected
Tuberculosis died in rate prg. The susceptible population decreased due to coming individual
from the V in rate §;. @ denotes the transfer rate from susceptible to infected population.
Infected population increases due to movement of individuals from infected individuals I in rate

6, and decreased due to movement of individuals in to the R at rate y. The model can be
N . . v s E 1 R
simplified by assuming the fractions u = W = X = Sy = o and z =

Thus, the model for TB can be simplified as follows
du 6)
—=q — u—Suw,

ddt
= Gy - aw, @
dx 8
E=(aw—u3—py)x, ®
dy )
Ir = PV~ By,
dz 1
2 =0y vz, (19)

subject to initial conditions

u(0) = 0.02167; w(0) = 0.8174; x(0) =

0.1583;y(0) = 0.0017 and z(0) = 0.00092.

The above initial conditions were obtained from the real data of TB in North Sumatera [8].

Most model of real life problems, however, are still very difficult to solve. Our motivation
for this work is to provide an alternative analytical method to find the solution for the epidemic
model. This centralized on a newly modified version of VIM, which is generally called the step
variational iteration method (SVIM) proposed by Yulita Molliq et al. [3]. We will present
comparative solutions with VIM and fourth-order Runge—Kutta method (RK4). We choose the
conventional RK4 as our benchmark, as it is widely accepted and exactly used. The accuracy of
SVIM has been shown for solving two chaotic systems i.e. Rdssler and Genesio systems. In
SVIM technique, each interval on VIM is divided to subinterval with time span # and the
solution at each subinterval will be obtained. It is necessary to satisfy the initial condition at each
subinterval, the initial conditions will be changed for each subinterval it should be satisfied
through initial conditions, it continuously done in SVIM. Yulita Molliq et al. [4] modified the
SVIM to find the approximate solution of a fractional biochemical reaction model.

This paper is organized as follows: Section 2 discusses the main idea on VIM and some
recent advances on the technique, Section 3 deals with the concept of SVIM, Section 4 outlines
the application of SVIM to the VSEIR model, Section 5 present the results obtained by the
methods mentioning with some critical discussions, and lastly, Section 6 offers some concluding
remarks on the method used.

II. VARIATIONAL ITERATION METHOD (VIM)

To introduce the basic concepts of variational iteration method (VIM), we consider the
following nonlinear differential equation:

Lui(t) + Nul(t) = gl(t), (11)
where L is a linear operator, N is a nonlinear operator, and g;(t) is an inhomogeneous
term { = 1,2, ,n.

According to VIM, one can construct a correction functional as follows:
t

Upper = Uip + J Ai(Lu; + Nu; — g)dé (12)
0

where A;, i = 1,2,3,...,n are the Lagrange multipliers [6], which can be identified optimally
via the variational theory, %in(§) and are considered as restricted variations, i.e. 9%in(§) = 0.
Once we have determined the Lagrange multiplier, we use VIM to perform the iteration using
the initial approximation, which we choose by a linearized solution of the equation that
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satisfies the 1initial conditions. Therefore, we can successively approximate or even reach the
exact solution by using
u(t) = lim u;,(t) (13)
n—-oo
where n is the iteration step.

III. STEP VARIATIONAL ITERATION METHOD (SVIM)

In this section, we shall now look at how this new modification of VIM so called step variational
iteration method (SVIM) to find the approximate solution for longer time span #, Here, interval
[0,T ] is regarded as an interval, then the interval is divided to subinterval with time span # and
the solution at each subinterval of Eqs. (7)-(10) will be obtained. It is necessary to satisfy the
initial condition at each subinterval, the initial conditions u; o, Uy g, ..., Uy o Will be changed for
each subinterval, i.e. and it should be satisfied through initial conditions, u;, (t*) = 0 for all
n = 1. Thus the formula can be written as [3]:

t—t" (14)

Upgr = Uik T f Ai(Lu; + Nu; — g;)d§

0

Here, t — t* as upper limit of integration instead of fixed upper limit of ¢ in Eq. (12). The

approximate solution takes the form:

ui () ~ uyu(t —t*) (15)
Where t* start from to = 0 until ¢; = T, j is number of subinterval. To carry out the
solution on every subinterval of equal length At the values of the following initial condition are
shown below

¢ =u(t),i=12,..,m (16)

In general, we do not have the information of our clearance except at the initial point t = t, =
0, but these values can be obtained by assuming that the new initial condition is the solution in
previous interval i.e. if the solution in interval [¢;,t;, 1] is necessary then the initial condition
of this interval will be as follows

G =Uu = ui‘n(tj, tj—l)' (17)
where ¢;, i = 1,2,...m are the initial conditions in the interval [tj , tj+1].

IV. APPLICATION
In this section, the VIM method is applied to compute an approximate solution of nonlinear

system of differential equations describing a VSEIR model [5]. According to VIM the
correctional functional constructing as follow

N jt/l <duk n
u =u —_—— wu
k+1 k ; 1 g q 1 Uk

+ Slukwk) dg, (18)

- ((51uk —Hz — axk)Wk)> dg, (19)

— ((awy — s — pyk)xk)> @ (20

¢ d
Yir1 = Yr T f Ay (%_ (pxiyic — ﬁ)ﬁc)) a, (21
0
¢ d
Zpy1 = Zp t+ f As (difk = (6ayi — Vzk)> dg, (22)
0
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where A;,i = 1,2,3, A; are the general Lagrange multiplier which can be identified optimally via
the variational theory and the subscript k indicates the nth. To obtain the optimal A; (§), we
proceed as follows:

t duy,
Sty = S + f 52 (d—g -
0

+ 8,57, ) de, 23)
dwy,

t
ow = 8w +f o, | —
k+1 k ; 2<df

— (81 WWy, — oWy

—axwy) |dé, (24)
OXpy1 = Oxp + ft6/13 (dﬁ

0 d¢

— (awiXy, — psxy

- P%)) s, 25)

t dy
s = by + | 82, (d—;

- (mec _.Byk)> df' (26)

d¢
where W, Wy, XpVr %W, and V. are considered restricted variations .i.e. Supw, =0,
8xxy, = 0, 6x,w, = 0 and 6y, = 0, Then we have

t du
Sty = Sy + fo <6/11 d—; + SAluluk> & g

¢ dz
02zy1 = 62z + J 845 <—k — (649 — YZk)> as, (27)
0

t

6Wk+1 = 6Wk +f
0

¢ dx
Sxprs = O + fo (5,13d—€" 4 6/13u3xk> g (30

de
(622 + Satawi ) a8, (29

t dy
v =0y + | (W5 + orpu) a3
o

¢ dz
82 = 62, + fo (5,15 d—; + 615]/2,() T

Thus, the general Lagrange multiplier are obtained as follow

A = —e G0 (33)
A, = —e H2ED 34)
Ay = —eH3ED 35)
A, = —e~PED (36)
g = —e VGV 37

Here, the general Lagrange multiplier in (34)-(37) 1S expanded by Taylor series only one
term, so the general Lagrange multiplier can be written as follows

A =—1 (38)
A, =—1 (39)
Ay =—1 (40)
ly=- (1)
As = —1 (42)
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Substitute the general Lagrange multiplier into (38)-(42) into the correctional iteration functional
in Egs. (19)-(22) result in the following iteration formula:

duy,
Upsr = U — f (df q ~+ pquy

+ Byww, ) de, 43)
— ((5luk —
- axk)wk)> dg, (44)

t(d
Xe+1 = Xk — f (difk
0
- ((“Wk — MUz — P)’k)xk)> g, (45)
t(d
Vi1 = Vi — f ( dyf (oY — ﬁm)) g, (46)

dzy
Zyy1 = Z — f (df (6ayi — VZk)> dg, 47)

The interval [0,T ] is divided to subintervals with the time step At to obtain the solution at
cach subinterval. In this case, the initial conditions issatisfied at each of the subinterval [7], i.e

u(t™) =ci =ue,w(t") =c3 =wo,x(t") =c3 =x, y")= C4 = Yo and
z(t*),= ci = z,. The initial conditions should be satisfied Uk ) = 0w () =0,x() =
0,yk(t) = 0 and Zk(t ) = 0 for all m = 1. Such that (7) to (10) can be written as

duy,
uk+1=uk_J(; (df q + Uiy
+ 51uka> dg, (48)

Jt—t* dwy,
w =W — —
k+1 k o de

- ((sluk — Uz — Oka)Wk)> dé, (49)

J-t—t* dxy
X =X, — —
k+1 k . dg

— ((awe —ps — pyk)xk)> @ (s0)

t—t* dy
Vi1 = Yk —fo (df (pxryr — Byk)> a, (51

dzy,
Zir1 = Zk _fo (df (64Yr — VZk)> g, (52)

V. RESULTS AND DISCUSSION

Maple mathematical software was used for all our computations. The iterative schemes for VIM
in (44)—(47) and SVIM in (49)—(52) are coded in the computer algebra package Maple and we
employed Maples built in fourth-order Runge—Kutta procedure rk4. We revised parameters and
initial conditions in [5] due to updating data of TB in North Sumatera which the parameters are
deter- mined by previous studies and Health Department of North Sumatera province as shown in
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table 1.

TABLE 2. PARAMETER VALUES

Name of Parameter Values Ref
birth rate (g) 0.0094  [8]
death rate for baby (u;) 0.0065  [8]
rate of baby vaccine convert to 0.0160  [8]

susceptible (&;)

death rate (u,) 0.0075  [8]
rate of susceptible to exposed 0.0016  [8]
()

death rate (43) 0.0009  [9]
rate of exposed to infected (p)  0.0085  [8]

9

death rate cause TB (urp) 0.0071  [8]
death rate (44) 0.0009  [9]
rate of infected to recovery 0.0919 [8]
(64)

death rate in recovery period 0.0009 [9]
)

Here, the number of population (N ) is 13,215,401 including all babies born i.e. 303,327 babies,
number of vaccination is 284,633. The Number of susceptible is 10,802,233, exposed is,
2114464, infected is 22,360, recovery is 12154, and mortality because TB is 117. Thus the initial
conditions used u(0) = 0.02167,w(0) = 0.8174,x(0) = 0.1583,y(0) = 0.0017 and
z(0) = 0.00092 for all computations. We determine the accuracy of RK4 for the solution of
Model in (7)-(10) shown in Figure 1, since the RK4 widely and accuracy used. This solution is
view as benchmark of this model. We used 4 iterate VIM and SVIM to find the spreading
number of vaccination (u), susceptible (w), exposed (x), infected (y), and recovery (z)
probability at time step At = 0.0001, respectively. The comparisons displayed between results
from VIM, SVIM and RK4 for t € [0,60], in figure 2. From the figure, they are obvious
that VIM exhibit unpredictable behaviour because their graph divert from the RK4 and SVIM.
Both RK4 and SVIM solution show good synchronization at the time carried out and both the
results agree very well with each other. We note that the solution of all variable will converge

to RK4 solution in certain time. Table 2 presents the absolute value of 411 terate SVIM and
VIM for recovery case

(a)
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(b)
Fig. 4. The number of spreading of
Tuberculosis; (@ u(),w(),x(t), (b
y(t),z(t) which are obtained using RK4 for
At = 0.0001.

TABLE 3. THE ABSOLUTE ERROR OF 4™ ITERATES SVIM SOLUTIONS COMPARING TO RK4
WITH At = 0.001

SVIM

t Au Aw Ax Ay Az

3 6.619 E-04 1.190 E-05 9456 E-08 5908 E-11 6.061 E-07
10 2.032 E-03 8.562 E-05 2326 E-07 6.043E-11  9.736 E-07
15 4102 E-03 2578 E-04 5142 E-07 2504 E-11 1.195 E-06
20 6.833 E-03 5.607 E-04  1.046 E-06  1.677 E-11 1.328 E-06
25 1.017 E02 1.021 E03  2.062 E-06 1.235E-11 1.407 E-06
30 1.403 E02 1.662 E03 3779 E-06 4.940E-12 1.452 E-06
35 1.836 E02 23502 E-03 6441 E06 3.878E-12 1.477 E-06
40 2307 E-02 3554 E-03 1.032 E-05 1.154 E-11 1.490 E-06
45 2.809 E-02 483 E-03 1.569 E-05 1.627 E-11 1.495 E-06
50 3335E-02 6338 E-03 2284 E-05 1.861 E-11 1.495 E-06

(z(t)). From table 2, the accuracy of VIM is shown the maximum error of VIM solution
is [107°2|. The solutions of SVIM (4-iterates) are compared to those of RK4. The maximum
error using SVIM is now decreased to |[107%| if it compared to the maximum error using VIM. It
also occurs in infected case (y(t)), the maximum error of VIM solution is|107°2 |, whereas the
maximum error of SVIM solution decreased i.e. |10~ |, see in Table 2. The above states that it
shows the SVIM better accuracy.

(2)

(b)
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(c)

(d)

(e)
Fig. 5. The approximate solution of; (a) u(t),
(b) w(t), (c) x(2),(d) y (), (e) z(t) which
are obtained using SVIM, VIM and RK4

TABLE 4. THE ABSOLUTE ERROR OF 7" ITERATE VIM SOLUTIONS COMPARING TO
RK4 WITH At = 0.001

VIM

Au Aw Ax Ay Az

5 6.619 E-04 1.717 E-05 1.865 E-09  3.798 E-07 3.574 E-07
10 2033 E-03 9.396 E-05 6.975 E-08 1.127 E-05 1.061 E-05
15 4115 E-03 2613 E04 6951 EO7 7970 E05 1.502 E-05
20 6.889 E-03 5376 E-04 3066 E-06 3139 E04 2955 E-04
25 1.034 E-02 9267 E-04 9280E-06 8985 E-04 8458E-04
30 1445E-02 1.416 E-03 2245 E05 2104 E-03 1.980 E-03
35 1.924 E-02 1977 E-03 4679 E-05 4291 E-03 4039 E-03
40 2476 E-02 2564 E-03 8764 E05 7916 E-03 7452 E-03
45 3109 E02 3.115E-03 1.515 E-04 1353 E-02 1.274 E-02
50 3834 E-02 3552 E-03 2459 E-04 2179 E-02 2051 E02

VI. CONCLUSIONS

In this paper, an algorithm of VSEIR model of TB using step variational iteration method (SVIM)
was implemented. We found that SVIM is a suitable technique to solve the system of nonlinear
differential equation. This method yields an analytical solution in iterations of a rapid convergent
infinite power series with enlarged intervals. Comparison between SVIM, VIM and RK4 were
made; the SVIM was found to be more accurate than the VIM. SVIM is easier in calculation yet
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powerful method and also is readily applicable to the more complex cases of these problems which
arise in various fields of pure and applied sciences.
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Abstract—The optimality singular controls of a VSEIR model of Tuberculosis are analyzed
in this paper. There are controls that correspond to time- vary the vaccination and
treatment schedules. A Hamiltonian (H) of the model is defined. The model is splited into
separate one-dimensional problems, the so-called switching functions. The extreme occurs
when a switching function disappears suddenly over an open interval. In which the
derivatives of switching function must disappears suddenly and this typically allows
computing such a control. The second-order of the function is not vanishing, which
satisfied Legendre-Clebsh condition, and thus the controls of these kinds are called singular.
In this work, our main emphasis is on a complete analysis of the optimum properties
corresponding to trajectories. The result shows that vaccination control is singular, but
treatment is not. This means that the model reached the optimality control for vaccination
schedule, but not treatment schedule.

Keywords: VSEIR model; Singular control; Legendre-Clebsh; switch functional

I. INTRODUCTION

Tuberculosis (TB) acquired through airborne infection and, most commonly affects the lungs.
TB is a bacterial disease caused by Mycobacterium Tuberculosis, which is transmitted through
contaminated air that are released during coughing TB patients. TB disease can affect anyone
and anywhere, and generally in children. The source of infection is derived from adult TB
patients [1]. TB infection can infect virtually all body because the bacteria can spread through the
blood vessels or lymph nodes. Although the organs most commonly affected are the lungs, but in
people with a low immune system can infect the lungs, brain, kidneys, gastrointestinal tract, bone,
lymph nodes, etc [1]. Molliq et al. [2] modified adopted Exposed class to Vaccination Susceptible
Infected Recovery (VSIR) model which proposed by Momoh et al. [3]. Efforts to eliminate a
disease that can be managed optimally spread will be reached by the stage of research, the
application of new methods, the development of several diagnostic tools, drugs and new
vaccines. Optimization of the control of the disease control needs a study of optimization
model[4]. Optimization of dynamical systems in general use optimal control, where the solving
problem of optimal control using the famous and wide used approach i.e. Pontryagin maximum
principle with Legendre-Clebsch condition [5-6].

In this paper, we analysed the optimal singular control of VSEIR model [2]. Here, any
interaction between exposed and infected is investigated using a Legendre-Clebsch condition.
Ledzewicz and Schatter [7] analyzed the optimal singular controls of a general SIR model with
vaccination and treatment. It showed that control for vaccination was singular, but not treatment.
Based on [7], we will show the optimal singular control of VSEIR model to see the schedule of
controlling on vaccination and infected variable.

II. FORMULATION OF EPIDEMIOLOGICAL MODEL

We only consider the epidemiology model of type VSEIR [2] which has five classes. The class VV
represents vaccination, S represents the susceptible who do not have the disease, E represents the
exposed who are infected but are yet to show any sign of symptoms, I represents the infective who
have the disease and can transmit it to others, R denotes the recovered population who went
through infection and appear with permanent or temporary infection which need immune. the total
number of individuals was denoted S by N (¥) which divided into four distinct epidemiological
subclasses of individuals. Let V (t),S(t),I (t), and R(t), represent the vaccination,
susceptible, infectious, and recovered, respectively. Thus, N (¥) can be written as N (t) =
V) + S + 1)+ R(t). The VSIR model [4] having vaccination, infected and
recovered period is described by the following dynamic system:

V= qgN -6VS—uV, (1)
S = 6,VS—pu,S — akES, (2)
E = aES — u3E — pEI, 3)
I = pEI - BI, 4)
R = 6,1 —yR, 5)
The controlled mathematical model when 8 = p4 + prg + 84, where human birth in natural
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through passive vaccination (V (£)) at rate g, nonnegative parameters M1, H2, Uz and Us denote as
natural death of population of the V', the S, the E the I and the R, respectively. Population of
infected Tuberculosis died in rate Krp. The susceptible population decreased due to coming
individual from the V in rate 61 denotes the transfer rate from susceptible to infected
population. Influence of Exposed to infect is increased in rate p. Infected population increases
due to movement of individuals from infected individuals 7 in rate 8, and it decreased due to

movement of individuals in to the § at rate a. In this paper, we assume that human is fully
recovered and R population will be decreased due to movement of individuals to the R at rate y.
In the flow of mathematical model, we assume that each compartment occurs interaction between
classes.

Thus there are two possible mechanisms as controls: immunization of the vaccination,
susceptible and exposed individuals and treatment of the infected ones. These models controlled
by the two controls u and v that are taken as Lebesque-measurable functions. The controls
improves the class R of the recovered individuals by removing them from the class of vaccination,
susceptible and infected ones, respectively. The class R is defined as R = N —V — § —
E — I. To ensure the model to be reliable, make sure that all the variables which included R
remain positive. The initial value of VSEIR model denoted by
N(0) = Ny, V(0) =V,,5(0) =Sy, E(0) =E,, and
1(0) = I,. (6)

From biological considerations, a closed set
Q={WV,S,E,I) e R:V,S,E, 1 >0,
V+S+E+I1I<N}, @)
where R*denotes the non-negative cone and its lower dimensional faces. It can be verified that
Q is positively invariant with respect to Egs. (1)-(5). We denote by dQ and Q the boundary
and the interior of Q.

ITII. OPTIMAL CONTROL PROBLEM FORMULATION

Our objective is, to investigate the best strategy in terms of vaccination and treatment that will
minimize the number of people who die because of the infection while at the same time
minimizing the cost of the vaccination and treatment of the population. Let the population
sizes of all five classes, V;,S,,Ey, I, and R, are given. We consider the following objective
for a fixed terminal time T

T
Ju,v) = J (aV + a,S + (az + c3)u
0

+ a,v)dt. ®)
where aV (t) denotes the number of vaccination at time t, a,l (t), represents the
individuals who are exposed and infected at time ¢ and are symbol a, js measure of the deaths

associated with the outbreak. The terms, (a; + c3)u(t) and a, v(t) defines the cost of
vaccination and treatment, respectively. Here, (a; + c¢3 )and a, are assumed to be proportional
to the vaccination and treatment rates. We apply a methods of geometric optimal control theory to
analyse the relations between optimal vaccination and treatment schedules. These techniques
become more clear if the problem is formulated as a Mayer-type optimal control problem: that is,
one where we only minimize a penalty term at the terminal point. Such a structure can easily be
achieved at the cost of one more dimension if the objective is adjoined as an extra variable.
Defining

Z=a,V+a,S+(a; +c3)u+auv, and

Z(0) = Z, ©

We therefore consider the following optimal control problem. For a fixed terminal time,
minimize the value Z (T ) subject to the dynamics

Z=a,V+a,S+(az+cy)utaw, and Z(0)=  (10)
Zo,

V= gN—-6VS—uV—uV,and V(0) =V, (1
S = 6,VS —u,S — akES —usS, and (12)
S(O) = SO'

E = aES — u3E — pEI — uE, and E(0) = E,, (13)
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[ = pEI — Bl —vl,and 1(0) = I,, (14)
where 8 = Wy + ppg + 6, For all Lebesque measurable functions
u: [0,T] » [0, umax] and v: [0,T] = [0,vmax]
We introduce the state x' = (Z,V, S, E, )T, the dynamics of system is multi input control affine
system of the form
x=f(x)+g.(u+ g,(x)v (15)
with drift vector field £ given by
a,V + a,l
qN — 6,VS — M1V\
fG) = | 8,VS — S — aES | (16)
aES — uz;E — pEl
pEI — BI

(o) (%)

and control vector fields g, and g, are writttnasg =| _g |andg,=]| o |.
S Y
0 —I
A controlled trajectory of the system is defined admissible control pair (w,v) with
corresponding solution x.

IV. NECESSARY CONDITIONS FOR OPTIMALITY

Let a row-vector A = (A;,A4,,43,4,) € R* from first-order necessary conditions
for optimality of a controlled trajectory by the Pontryagin maximum principle [7-8]. Then,
the Hamiltonian H = H (A,x,u,v) are defined as the dot product, <,.,.> of the row
vector A with the column vector defining the dynamics, that is
H =4 f(x) + g1(u + g, (x)v),

= A (a,V + a,S + (as + c3)u + a,v)

+ A,(gN — 8, VS

- V=ul)

+2;(6,VS — u, S

— aES —uS)

+ A, (@ES — u3E — pEI

—uk)

+ As(pEI — BI — vI). (17)

Afterward, if (u,, v,) is optimal control defined over interval [0, T] with corresponding trajectory
x, = (Z,,V,,S,,E,, 1,)7 there is exist an absolutely continuous co-vector A:[0,T] - (R*)*, so that
following conditions hold [8]
(a) A satisfies the adjoin equation (written as row vector and with Dy and D denote the

Jacobian matrices of the partial derivatives)

A= —2ADf(x.) + Dgy (x)u.
+Dg,(x.)v.), (18)
with terminal condition

A(T) = (% o,o,o), 9

(b) For every time ¢t € [0,T],the optimal controls (u « (1), 1, (t)) minimize the
Hamiltonian along (A(t),x*(t)) over the control set [0, Uy ] X [0, Vpgyl, and

(c) Hamiltonian is constant along the optimal solution.

Apair (x, (u, v)) consisting of controls (u, v) with corresponding trajectory x for which there are
exist multipliers A so that the conditions of the Maximum Principle are satisfied an external (pair)
and the triple (x, (u,v),4) is an external lift. Note that the dynamics does not depend on the
auxiliary variable Z and thus by the adjoin equation (6) the multiplier A; is constant; by the
terminal condition (20), thus, it is given by A,(t) = i. Particularly, the overall multiplier A(t)

cannot be zero. For almost any time ¢, the optimal controls (u,(t), v.(t)) minimize the
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Hamiltonian H(A(t), x,(t),u,v) over the compact interval [0; Upmar] X [0; Viax]. Afterward,
defining the so-called switching functions ®; and @, as
@ = (A(6), g1(x.(D))) (20)
= (az + c3) — LOV()
= A3(£)S.(t) — A, (O)E.(D)
And

D, = (A1), g2 (x.(8))) = as — A5 (D) L.(0) 21
It follows that the optimal controls satisfy
0 if @) >0,
w=] 0
(®) Umar Lf P,(t) <0,

0 if &,()>0,
v.(6) {vmax if ®,(t)<0,
The minimum condition alone does determine the controls at times when @, (t) = 0. If ®,(t) =
0, but ®,(t) # 0, then the control switches between the value 0 and its maximum value
depending on the sign of (®;)(t). The other extreme occurs when a switching function disappears
suddenly over an open interval. In this case also derivatives of @, (t) have to disappear and then
allows to compute such a control. Controls of this kind are called singular [7]. Singular controls
tend to be either that minimizing or the maximizing strategies and in either case they are essential
in determining the structure of optimal controls. We have to synthesize from singular controls
through an analysis of the switching function. Thus singular controls generally play a major role in
a synthesis of optimal controlled trajectories. In this work, the existence of the problem and local
problem in Eqgs. (11)-(14) will be analysed. An vital implement in this analysis is the Lie bracket
of vector fields which generally arises in the formulas for the derivatives of the switching function.
Give two differentiable vector fields f and g defined on a common open subset of R*, their Lie
bracket can be defined as
[f,91(x) = Dg(x)f (x) — Df (x) g (x). (22)
The Lie-bracket is anti-commutative, i.e., [f,g] = —[g, f], and for arbitrary vector fields f, g and
h it satisfies the Jacobi identity [7]
[£.1g. k1] + [g. [h, £1] + [R. [f. 9] = 0. (23)
The following result provides an elegant and important framework for efficient computations of
the derivatives of the switching functions. It is easily done by computation.

and

Proposition IV.1. Let (x, (u,v)) be a controlled trajectory of the system and let A, be a solution
to the corresponding adjoint equations. Given a continuously differentiable vector field h, define

P(©) = (A1), h(x(®)). (24)
Then the first derivative of \ is given by
() = A, [f + giu + gov, R (x(D))). (25)

V. THE STRUCTURE OF SINGULAR CONTROLS

For the system in Egs. (11)-(14), we will investigate the existence and local optimality of
singular controls. By Propositions IV.1 the derivatives of the switching functions &®,(t) =
(A1), g1 (x(t))) and D, (t) = (A(t), g (x(t))) are written as

by (8) = (A, [f + g1u + g2v, 9:1(x (D)), (26)

$, (1) = (A, [f + g1u + g2v, g1 (x(D))). 27
By anti-commutative of the Lie bracket [g;, g;] = 0 and a easily computation confirms that the
control vector fields g, and g, commute, i.e., [g;, g2] = 0 as well. We thus have that

@, (1) = (A, [f, g1 (x(®))) (28)
$, (1) = (A, [f, g1 (x (D). (29)

Elementary calculations verify that

and
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a,V
—6,SV —gqN
[f,9:1(x) = | 8,8V — aES | (30)
aES
plE
and
asl

0
[f,gJ)=]| 0 | (31
%)
0
First, we analyse the control, i.e., vaccinations schedules. Applying Propositions IV.1 again to @,

it follows that
®,(8) = (A, [f + giu + g2v, [f, 91]] (x (D). (32)

0
0
A direct calculation shows that g, and [f, g;] commute as well [gz, [f, gl]] =| 0 [, and that
0
0

—-a,V
—6,SV —gqN
[90,[f g:]] = | @SE — 8,5V |. (33)
—aES
—plE
The relation
®; = A1(aV) = 2,(8,SV + gN)
+ A3(8,SV — aSE) + A,aES

+ AsplE =0, (34)
suppose
A@ES + AsplE = A, (a V) — 2,(6,SV + gN)
+ 15(6,SV — aSE). (35)
Implies that
), (91, If, g:1] (x(©)))
=214, ),V — 21,6,SV (36)

and ®,(t) = A, (t)(az + ¢c3) — A, (O)V — A3()E — A,(t)] = 0 gives that A,(t),A3(t) and A,(t)
have to be positive along a singular arc. Hence we obtain
(), [91, [, 911] (x(©)))
= —214,(t)a,V — 21,6,SV < 0. (37)
Singular controls of Eq. (37) for which (A(t), [gl, [f, gl]](x(t))) does not disappear suddenly, are
said to be of order 1 and it is a second-order necessary condition for minimality, the so-called
Legendre-Clebsh condition, that this value is negative [8]. Thus for this model singular controls u
—-a,V
—6,SV —gN
aSE — 6,SV |,
—aES
—plE

are locally optimal. Furthermore, we taking into account that [gl, [f, gl]]

we can compute the singular control as

O} [£, [f, g1 2 (©))
), 90 IF, 9] (@)

(38)

Here,

[ [f, g11] () (39)
—a,pEl + 2a,qN — a; 1,V
—26,qNS + 16,8V — ugN
= | apESI + ausSE + 2q6;NS — p,6,SV
\ p2E%l — auyES )
—p?*I?E — p3pEl
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Then
tsin = (A (—azpEl + 2a:,qN — a1, V)
+ ).2 (_ZaquS + H2615V
— t1gqN)
+ A3 (apESI + au;SE + 2q6,NS
— 1161SV) + A4 (p*E*1 — ap, ES)
+ A5(=p*I*E — pzpEI))
/(11(_a1v) + 2;(=6;SV — qN)
+ A3 (aSE — 6,SV) — A, (aES)
— ls(pIE)). (40)
Thus, the result can be written as follow

Proposition V.1. A singular control u which has order 1 and satisfies the Legendre-Clebsch
condition for minimality [8]. The singular control is given as a function that respect to unkno,
depends on the both state and the multiplier in the following form
Hsin = (/11(_a2PE1 + 2a,9qN — a;p,V)

+ /12 (_ZaquS + ‘u2515V

— 1 qN)

+ A3(apESI + apsSE + 2q6,NS

— 1,6,8V) + A, (p*E?I — apy ES)

+ A5(=p*I’E — p3pEI))

/(11(_511‘/) + 2,(—=6,SV — gN)

+ A3(aSE — 6,SV) — 1, (aES)

— 25 (pIE)). (41)
Firstly, we define the switching function as
D, = (A1), g2(x())) = az 41 — pA,IE. (42)
By using proposition IV.1, the first derivative of Eq. (34) we have
@, = (A1), [f, g21(x(£))) = az 441 — pA4l. (43)
As we know, to check the optimally of Eq (34), Eq. (35) will be zero, we obtain
(A, [f, 921(x (D)) = az Ay — pAsl = 0. (44)
Hence, we have
q)Z = <2'ng1 [fv gZ]) =0 (45)

for minimality, the Legendre-Clebsh condition, that this value is negative [7]. Then, the singular
controls v of VSEIR model is not locally optimal. Thus, we obtain the following result:

Proposition V.2. The singular control v is not optimal.
VI. CONCLUSION

The optimal singular control problem for an VSEIR-model of Tuberculosis was discussed and a
Hamiltonian H of model is defined. The structure of singular controls was analysed to determine
singularity properties of the model. We apply Lie bracket of vector field to check whether the
second order of switching function was disappeared or not and the model splits into separate one-
dimensional problems. Based on our computation by using Maple, the result shows that
vaccination control is singular, but treatment is not. We found that the vaccination schedule was
singular, but treatment schedule was not singular. The optimality of vaccination and treatment for
other epidemiology problem can be analysed in future.
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Dear Author,
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journal is being indexed and abstracted in Scopus. This is an open access journal. The electronic version and guidelines for
authors is available at http://e-journal.um.edu.my/publish/MJS/submissionrules

If you are agree to publish your article in MJS, please prepare your paper according to the term and conditions below :

1) format of article must follow MJS format template (attached)

2) similarity index must be less than 22% (Turnitin Report)

Please resubmit your article before 30 September 2015 . If you fail to submit your article by the given date, your article will be
automatically published in IEEE Xplore Proceeding. Hope to get your feedback as soon as possible.

Thank you.

Regards,
Proceeding's Committee ICREM7
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